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THE ELLIPTIC GROTHENDIECK-SPRINGER RESOLUTION AS A
SIMULTANEOUS LOG RESOLUTION OF ALGEBRAIC STACKS
DOUGAL DAVIS
Abstract. We construct an elliptic Grothendieck-Springer resolution as a simultaneous log resolution
of algebraic stacks. Our construction extends a well-known simultaneous resolution of the coarse moduli
space map for semistable principal bundles on an elliptic curve to the stack of all principal bundles.
The construction relies on elliptic versions of the Chevalley isomorphism and the Kostant and Steinberg
section theorems, which we also prove.
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1. Introduction
Let G be a simply connected simple algebraic group over an algebraically closed field k. Classically, the
Springer theory of G is the study of various features of the additive and multiplicative adjoint quotient
maps
χadd : g −→ g//G = Spec k[g]G and χmul : G −→ G//G = Spec k[G]G, (1.0.1)
where g = Lie(G) is the Lie algebra of G and G acts on g (resp., G) via the adjoint representation (resp.,
by conjugation). For example, when G = SLn, g//G and G//G are both affine spaces of dimension n− 1,
and χadd (resp., χmul) sends a matrix of trace 0 (resp., determinant 1) to the nontrivial coefficients of its
characteristic polynomial.
The key observation of Springer theory is that both χadd and χmul are flat families of varieties admitting
simultaneous resolutions of singularities after pulling back along finite coverings of their targets. More
Date: August 13, 2019.
1
2 DOUGAL DAVIS
precisely, there are isomorphisms g//G ∼= t//W and G//G ∼= T//W , due to Chevalley, and commutative
diagrams
g˜ = G×B b g
t t//W
ψadd
χ˜add χ
add and
G˜ = G×B B G
T T//W,
ψmul
χ˜mul χ
mul (1.0.2)
where T ⊆ B ⊆ G are a maximal torus and Borel subgroup respectively, t = Lie(T ) and b = Lie(B) their
Lie algebras, and W = NG(T )/T is the Weyl group. The diagrams (1.0.2) are called the additive and
multiplicative Grothendieck-Springer resolutions. Assuming that k has characteristic 0 in the additive
case, they are simultaneous resolutions in the sense that χ˜add and χ˜mul are smooth, ψadd and ψmul are
proper, and for all t ∈ t (resp., T ), the morphism (χ˜add)−1(t) → (χadd)−1(tW ) (resp., (χ˜mul)−1(t) →
(χmul)−1(tW )) is a resolution of singularites.
The central idea of elliptic Springer theory is to replace the stack quotients g/G and G/G (of which
g and G are charts, and g//G and G//G are coarse moduli spaces) with the stack BunG of principal G-
bundles on a smooth elliptic curve E. Remarkably, many constructions from additive and multiplicative
Springer theory have direct analogues in this context.
One of the earliest incarnations of this idea can be found in P. Slodowy’s work on singularities associated
with loop groups (e.g., [S1]), culminating in the paper [HS] with S. Helmke. In [HS], G-bundles on elliptic
curves appear via the isomorphism of complex analytic stacks
LG/qLG
∼
−→ BunanG (C
×/qZ) (1.0.3)
ϕ 7−→
C× ×G
(qz, g) ∼ (z, ϕ(z)g)
where q is a fixed complex number with 0 < |q| < 1, BunanG (C
×/qZ) is the analytic stack of G-bundles
on the elliptic curve C×/qZ, and LG is the group of holomorphic maps ϕ : C× → G acting on itself by
q-twisted conjugation
(θ · ϕ)(z) = θ(z)ϕ(z)θ(qz)−1.
The C×-action on LG given by (λ · ϕ)(z) = ϕ(λz) lifts to an action on the universal central extension
1 → C× → L˜G → LG → 1 of LG. The characters of irreducible representations of the semi-direct
product L̂G = L˜G⋊C× are used to define a morphism
L˜G/qLG = (L˜G× {q})/LG −→ (A
l+1)an, (1.0.4)
where l = dimT is the rank of G. The morphism (1.0.4) can be viewed as a version of the adjoint quotient
map for LG. (Note that the domain of (1.0.4) is a C×-bundle over BunanG (C
×/qZ).)
Elements of elliptic Springer theory can also be found in the work of R. Friedman and J. Morgan [FM1]
[FM2]. In [FM1], Friedman and Morgan prove (for E an elliptic curve over C) that the coarse moduli
space of semistable G-bundles is isomorphic to the quotient Y //W , where Y = Hom(X∗(T ),Pic0(E)) ∼=
Pic0(E)l is the coarse moduli space of degree 0 T -bundles on E. Friedman and Morgan’s result can be
viewed as a weak form of an elliptic Chevalley isomorphism; we give a more refined version, adapted
for elliptic Springer theory, in Theorem 1.0.5 below. In [FM2], Friedman and Morgan construct a map
Al+1 → BunG sending Al+1 \ {0} to the open substack Bun
ss
G of semistable bundles, such that the
composition Al+1 \ {0} → Y //W with the coarse moduli space map factors through an isomorphism
WPl = (Al+1 \ {0})//Gm
∼
−→ Y //W
for some weighted action of Gm on Al+1. This result is an elliptic version of the section theorems of
B. Kostant [K, Theorem 0.10] and R. Steinberg [S2, Theorem 1.4], which we also refine in this paper
(Theorem 1.0.6).
An elliptic version of the Grothendieck-Springer resolution for semistable G-bundles was studied by
D. Ben-Zvi and D. Nadler [BZN], who considered the commutative diagram
B˜un
ss
G Bun
ss
G
Y Y //W,
ψss
χ˜ss χss
(1.0.5)
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where χss is Friedman and Morgan’s coarse moduli space map and B˜un
ss
G = Bun
0
B is the stack of degree
0 B-bundles on E, and used it to prove some results about perverse sheaves on BunssG of interest from
the point of view of elliptic character sheaves. One can reasonably view (1.0.5) as a semistable elliptic
Grothendieck-Springer resolution, although (see Remark 1.0.4) it is only a simultaneous resolution after
deleting a closed set from the variety Y //W and its preimages in Y , BunssG and B˜un
ss
G .
A small part of an elliptic Grothendieck-Springer resolution for unstable bundles was studied by I.
Grojnowski and N. Shepherd-Barron [GSB] for groups G of type D5, E6, E7 and E8 only. For these
G, Grojnowski and Shepherd-Barron constructed natural deformations Z = Al+3 → BunG of subregular
unstable bundles, and a commutative diagram
Z˜ Z
Θ−1Y Ŷ //W,
ψZ
χ˜Z χZ (1.0.6)
which they proved to be a simultaneous log resolution (see [GSB, Definition 1.1] and Definition 1.0.2
below). Here Θ−1Y is a certain anti-ample W -linearised line bundle on Y , Ŷ is the affine cone over Y
obtained by contracting the zero section of Θ−1Y . The resolution Z˜ is given by Z˜ = B˜unG ×BunG Z,
where B˜unG is the Kontsevich-Mori compactification of B˜un
ss
G = Bun
0
B over BunG, constructed using
Kontsevich’s theory of stable maps. The morphism χZ is a local version of Helmke and Slodowy’s map
(1.0.4); a theorem of E. Looijenga [L] gives an identification Ŷ //W ∼= Al+1 of the bases of the two
morphisms over C. Grojnowski and Shepherd-Barron also give a detailed description of the morphism
χZ and its resolution Z˜ in terms of the theory of del Pezzo surfaces [GSB, Theorem 1.2].
The main result of this paper is that the diagrams (1.0.5) and (1.0.6) extend in a nice way to the whole
of BunG, for all simply connected simple groups G. More precisely, we have the following.
Theorem 1.0.1 (Corollaries 3.3.2 and 4.4.7 and Proposition 3.3.4). There exists an ample W -linearised
line bundle ΘY on Y , with inverse Θ
−1
Y , and a commutative diagram
B˜unG BunG
Θ−1Y /Gm (Ŷ //W )/Gm,
ψ
χ˜ χ (1.0.7)
which is a simultaneous log resolution with respect to the zero section of Θ−1Y /Gm in the sense of Definition
1.0.2 below, where Ŷ is the affine cone over Y obtained by contracting the zero section of Θ−1Y to a point.
The preimage of the cone point under χ is precisely the locus of unstable bundles in BunG.
We will call the diagram (1.0.7) the elliptic Grothendieck-Springer resolution. Unlike the additive
and multiplicative Grothendieck-Springer resolutions, the elliptic Grothendieck-Springer resolution is not
quite a simultaneous resolution, as the morphism χ˜ fails to be smooth over the zero section of Θ−1Y . It
does, however, satisfy the following weaker property.
Definition 1.0.2. Let
X˜ X
S˜ S
π
f˜ f
q
(1.0.8)
be a commutative diagram of algebraic stacks and let D ⊆ S˜ be a divisor. We say that (1.0.8) is a
simultaneous log resolution with respect to D if the following conditions are satisfied.
(1) The morphisms f and f˜ are flat, q is representable, proper, surjective and generically finite, and π is
proper with finite diagonal.
(2) For any point s : Spec k → S˜, the morphism f˜−1(s) → f−1(q(s)) is an isomorphism over a dense
open substack of f−1(q(s)).
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(3) The stack X˜ is regular, the morphism f˜ is smooth away from D and f˜−1(D) is a (possibly non-
reduced) divisor with normal crossings.
Remark 1.0.3. Grojnowski and Shepherd-Barron also give a definition of simultaneous log resolution
[GSB, Definition 1.1], which is stronger than Definition 1.0.2 in several respects. First, Grojnowski
and Shepherd-Barron require that the map π : X˜ → X be representable, whereas we impose only the
weaker condition that it have finite diagonal. (Our condition is equivalent to requiring that the fibres
of π have only finite stabilisers, which in characteristic 0 is equivalent to requiring that π be relatively
Deligne-Mumford.) Second, Grojnowski and Shepherd-Barron require that the singular fibres of f˜ be
reduced with simple normal crossings, whereas we allow non-reduced irreducible components with self-
intersections. Finally, Grojnowski and Shepherd-Barron require that the relative canonical bundle KX˜/S˜
be the pullback of KX/S , which we do not. We have chosen to make these modifications in order for
Theorem 1.0.1 to be true.
Remark 1.0.4. Deleting the zero section from Θ−1Y , Theorem 1.0.1 implies that the semistable elliptic
Grothendieck-Springer resolution (1.0.5) is a simultaneous resolution as long as we replace Y //W ∼=
(Al+1 \ {0})//Gm with the complement (Al+1 \ {0})/Gm of the cone point in (Ŷ //W )/Gm. It follows that
the original diagram (1.0.5) is also a simultaneous resolution after deleting the points with stabilisers in
the weighted projective space Y //W .
The proof of Theorem 1.0.1 is divided into two parts: the construction of the diagram (1.0.7) (Corollary
3.3.2) and the proof that it is a simultaneous log resolution (Corollary 4.4.7). The main ingredient in
the construction is an elliptic version of Chevalley’s isomorphisms g//G ∼= t//W and G//G ∼= T//W , which
refines Friedman and Morgan’s identification of the coarse moduli space of BunssG with Y //W .
Theorem 1.0.5 (Theorem 3.1.4). There is a certain subgroup PicW (Y )good ⊆ Pic
W (Y ) of the group of
W -linearised line bundles on Y and an isomorphism
PicW (Y )good
∼
−→ Pic(BunG). (1.0.9)
Moreover, if LY ∈ Pic
W (Y )good and LBunG ∈ Pic(BunG) is its image under (1.0.9), then there is a
canonical isomorphism
H0(Y, LY )
W ∼−→ H0(BunG, LBunG). (1.0.10)
The isomorphisms (1.0.10) are compatible with tensor products of line bundles on Y and BunG.
We give the proof of Theorem 1.0.5 (as Theorem 3.1.4) in §3.1.
The fact that (1.0.7) is a simultaneous log resolution is proved in §4.4 as a fairly straightforward
consequence of the following analogue of the Kostant and Steinberg section theorems ([K, Theorem 0.10]
and [S2, Theorem 1.4]).
Theorem 1.0.6 (Theorem 4.3.2). There exists a morphism Z → BunG from an affine space Z such that
the composition Z → (Ŷ //W )/Gm with χ factors through an isomorphism Z ∼= Ŷ //W . Moreover, writing
Z˜ = B˜unG ×BunG Z,
the morphism Z˜ → Θ−1Y /Gm induced by χ˜ also factors through an isomorphism Z˜
∼= Θ−1Y .
Theorem 1.0.6 is a mild refinement of Friedman and Morgan’s other result discussed above [FM2,
Theorem 5.1.1] , so we call it the Friedman-Morgan section theorem. The new observations here are that
Friedman and Morgan’s parabolic induction construction for the map Z → BunG can be made to give
a natural lift Z → Ŷ //W (Proposition 4.1.12), and that the isomorphism Z ∼= Ŷ //W lifts to (and can
actually be deduced from) an isomorphism Z˜ ∼= Θ−1Y .
Remark 1.0.7. For technical reasons, we will often need to work with the rigidified stack BunG,rig
obtained from BunG by taking the quotient of all automorphism groups by the centre of G. (See §2.2
for the precise definition.) The advantages of BunG,rig over BunG are that various automorphism groups
(coming from centres of Levi subgroups) that are disconnected in BunG become connected in BunG,rig,
and that it is easier in practice to construct morphisms Z → BunG,rig. For example, the Friedman-
Morgan map Ŷ //W → BunG does not factor through a section (Ŷ //W )/Gm → BunG of the coarse
quotient map, but it does factor through a section (Ŷ //W )/Gm → BunG,rig.
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Remark 1.0.8. Throughout the body of this paper, we will work in a somewhat more general context
than in this introduction. Instead of working with a single elliptic curve E defined over an algebraically
closed field k, we will allow arbitrary families E → S of smooth curves of genus 1 over a regular stack S
(and work with a split simply connected simple group scheme G over SpecZ), subject only sometimes to
the restriction that E → S have a section. The key examples that should be kept in mind are:
(1) S = Spec k for k a field, and E an elliptic curve over k,
(2) S = BE′ and E = Spec k, where BE′ is the classifying stack of an elliptic curve E′ over k (this
amounts to working with G-bundles on E′ up to translation), and
(3) S =M1,1 the stack of elliptic curves over SpecZ (or over some field) and E → S the universal elliptic
curve.
It should be emphasised that very little will be lost to the reader who wishes to assume that we are in
case (1) throughout.
Remark 1.0.9. The results presented here can all be found in some form in the author’s PhD thesis
[D]. We will also refer to that work for the proofs of several peripheral or well-known propopsitions.
1.1. Plan of the paper. The paper is divided into three sections, together with this introduction.
Section 2 is a collection of miscellaneous preparatory material, including the definition of the Kontsevich-
Mori compactification, a review of the rigidification construction, structural results for various stacks of
principal bundles, and a small result on ramified Galois descent.
Section 3 is concerned with the construction of the fundamental diagram (1.0.7). The main results
in this section are the elliptic Chevalley isomorphism (Theorem 3.1.4), a computation of the group
PicW (Y )good ∼= Pic(BunG) (Proposition 3.2.9 and its Corollary 3.2.10), and the existence of the fun-
damental diagram (Corollary 3.3.2). In constructing the morphism χ˜, we also give an explicit formula
(Corollary 3.3.8) for the multiplicities in the divisor χ˜−1(0Θ−1Y
), which may be of independent interest.
Finally, Section 4 is concerned with proving that (1.0.7) is indeed a simultaneous log resolution (Corol-
lary 4.4.7). The bulk of this section is taken up by the setup and proof of the Friedman-Morgan section
theorem (Theorem 4.3.2), from which we deduce the simultaneous log resolution property. As part of the
setup, we introduce the notion of an equivariant slice of BunG,rig (Definition 4.1.9), which we believe to
be the correct analogue of a transversal slice in elliptic Springer theory.
1.2. Notation and conventions. Unless otherwise specified, all schemes will be locally Noetherian,
and all group schemes will be flat, affine and of finite presentation.
Unless otherwise specified, by a reductive group we will mean a split connected reductive group scheme
over SpecZ.
Throughout the paper, we will fix a connected regular stack S, a smooth curve E → S of genus 1,
and a simply connected simple reductive group G (over SpecZ) with maximal torus and Borel subgroup
T ⊆ B ⊆ G. We will write (X∗(T ),Φ,X∗(T ),Φ∨) for its root datum, where
X∗(T ) = Hom(T,Gm) and X∗(T ) = Hom(Gm, T )
are the groups of characters and cocharacters of the split torus T . The set of roots Φ is by definition
the set of weights of T acting on the Lie algebra g = Lie(G); we will adopt the convention that the set
Φ− ⊆ Φ of negative roots is the set of nonzero weights of T acting on Lie(B), and let Φ+ = −Φ− be the
corresponding set of positive roots. We will write ∆ = {α1, . . . , αl} ⊆ Φ+ and ∆∨ = {α∨1 , . . . , α
∨
l } ⊆ Φ
∨
+
for the sets of positive simple roots and coroots respectively, and {̟1, . . . , ̟l} and {̟∨1 , . . . , ̟
∨
l } for the
bases of (ZΦ∨)∨ and (ZΦ)∨ dual to ∆ and ∆∨ respectively. Note that ZΦ∨ = X∗(T ) since G is simply
connected, so {α∨1 , . . . , α
∨
l } is a basis for X∗(T ) and {̟1, . . . , ̟l} is a basis for X
∗(T ).
If P ⊆ G is a parabolic subgroup, we will say that P is standard if B ⊆ P . Every parabolic subgroup
is conjugate to a unique standard one. If P is standard, the type of P is the set
t(P ) = {αi ∈ ∆ | αi is not a root of P} ⊆ ∆.
The construction P 7→ t(P ) defines a bijection between (proper) parabolic subgroups ofG and (nonempty)
subsets of ∆.
If H → S′ is a group scheme on a stack S′, a principal H-bundle or H-torsor on an S′-scheme U
will be a morphism ξ → U equipped with a right H-action on ξ, such that ξ is locally H-isomorphic to
U ×S′ H in the e´tale topology on U . We will write BH or BS′H for the classifying stack of H over S′,
whose functor of points sends an S′-scheme U to the groupoid of H-torsors on U . If H is commutative,
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then BH is itself a (commutative) group stack over S′, and a torsor under this group stack will be called
an H-gerbe.
If S′ and S′′ are stacks, X → S′ is a proper curve over S′, H → S′′ is a group scheme over S′′ and
X → S′′ is any morphism, we will write BunH/S′(X) for the stack over S
′ whose functor of points sends
an S′-scheme U to the groupoid of H-torsors on U ×S′ X . (Note that U ×S′ X is an S′′-scheme via its
morphism to X , so this makes sense.) So, for example, with S′′ = X (resp., S′′ = SpecZ), we have a
notion of BunH/S′(X) when H is a group scheme over X (resp., SpecZ). When X is smooth over S′ and
H is reductive, we write BunssH/S′(X) ⊆ BunH/S′(X) for the open substack of semistable bundles. In the
special case when S′ = S and X = E, we will write BunH = BunH/S(E).
If X is any stack equipped with an injective action of the classifying stack BZ(G) of the centre of G,
then we write Xrig for the rigidification of X with respect to Z(G) obtained by taking the quotient of all
automorphism groups in X by Z(G) (see Definition 2.2.2 for a precise definition). For example, if H is
any group scheme with Z(G) ⊆ Z(H), then BZ(G) acts injectively on BunH , so we have a rigidification
BunH,rig.
If H is any reductive group, then the abelianisation H/[H,H ] and the reduced identity component
Z(H)◦ of the centre are split tori. If X → Spec k is a proper curve over a field k and ξH → X is a
principal H-bundle, the degree (resp., slope) of ξH is the unique vector deg(ξH) ∈ X∗(H/[H,H ]) (resp.,
µ(ξH) ∈ X∗(Z(H)◦)Q = X∗(Z(H)◦)⊗Q) such that
〈λ, deg(ξH)〉 = deg(ξH ×
H Zλ) ( resp. 〈λ, µ(ξH)〉 = deg(ξH ×
H Zλ) ),
for all λ ∈ X∗(H/[H,H ]) ⊆ X∗(Z(H)◦), where Zλ is the 1-dimensional representation with weight λ
and 〈 , 〉 is the canonical pairing between characters and cocharacters. If X → S′ is a proper curve
over a general base S′ and d ∈ X∗(H/[H,H ]) (resp., µ ∈ X∗(Z(H)◦)Q), we write Bun
d
H/S′(X) (resp.,
BunµH/S′(X)) for the open and closed substack of BunH/S′(X) consisting of principal bundles with degree
d (resp., slope µ) on every fibre of X → S′.
More generally, if H is a group scheme over SpecZ with unipotent radical Ru(H) such that H/Ru(H)
is split reductive, the degree and slope of an H-bundle ξH on a curve X are by definition the degree
and slope of the induced H/Ru(H)-bundle ξH/Ru(H). We will use the same notation Bun
d
H/S′(X) and
BunµH/S′(X) for H-bundles with fixed degree and slope as in the case when H is reductive.
Finally, if X → S is a morphism of Artin stacks, we will write LX/S for the relative cotangent complex
[O, §8] and TX/S = (LX/S)∨ for the relative tangent complex.
1.3. Acknowledgements. The author would especially like to thank Nicholas Shepherd-Barron for in-
troducing him to this topic, for many detailed discussions, and for his very useful advice, insights and
questions. He would also like to thank Ian Grojnowski, Masoud Kamgarpour, Arun Ram, Travis Schedler
and Richard Thomas for helpful conversations relating to the contents of this paper.
This work was completed while the author was a PhD student at King’s College London. This work
was supported by the Engineering and Physical Sciences Research Council grants [EP/L015234/1] (The
EPSRC Centre for Doctoral Training in Geometry and Number Theory (The London School of Geometry
and Number Theory), University College London), and [EP/R034826/1]. The author would also like to
acknowledge the generous support of the University of Melbourne, at which he was a visitor in early 2017
during the early stages of this research, and the University of Edinburgh, where the write-up of the paper
was completed.
2. Preparations
In this section, we review some of the basic objects appearing in the elliptic Grothendieck-Springer
resolution (1.0.7) and some of the tools going into the proof of Theorem 1.0.1.
In §2.1, we give the definition of the Kontsevich-Mori compactification B˜unG, and in §2.2 we review
the process of rigidification mentioned in Remark 1.0.7. In §2.3, we recall the definitions of unstable
and semistable principal bundles and the decomposition of the locus of unstable G-bundles into Harder-
Narasimhan loci. In §2.4, we use Bruhat cells in G/B to define some useful locally closed substacks inside
the stack of G-bundles equipped with reductions to both B and a parabolic subgroup. Finally, in §2.5,
we recall a basic result for descending line bundles along ramified Galois coverings.
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2.1. The Kontsevich-Mori compactification. In this subsection, we review the definition and basic
properties of the Kontsevich-Mori compactification B˜unG of Bun
0
B.
To motivate the construction, first recall that functor of points of the S-stack BunB is isomorphic to
the functor Schop/S → Grpd sending an S-scheme U to the groupoid of pairs (ξG, σ), where ξG → U ×S E
is a principal G-bundle and σ : U ×S E → ξG/B is a section of the associated bundle of flag varieties.
The isomorphism sends a B-bundle ξB → U ×SE to the pair (ξG, σ), where ξG = ξB×BG is the induced
G-bundle and σ is the section
σ : E = ξB ×
B B/B −→ ξB ×
B G/B = ξG/B
induced by the inclusion B/B →֒ G/B. Given a pair (ξG, σ), the degree of the associated B-bundle is
identified with the unique vector [σ] ∈ X∗(T ) such that
〈λ, [σ]〉 = deg σ∗LξGλ
for all λ ∈ X∗(T ), where
LξGλ = ξG ×
B Zλ,
is the natural line bundle on ξG/B associated to λ. The stack Bun
0
B is therefore isomorphic to the stack
of pairs (ξG, σ) with [σ] = 0.
The Kontsevich-Mori compactification is defined by allowing the section σ in the above description of
Bun0B to degenerate to a map from a singular curve.
Definition 2.1.1. Let U be a scheme and let X → U be a proper morphism. A prestable map to X over
U of genus g is a pair (C, σ), where C → U is a proper flat family of curves whose geometric fibres have
arithmetic genus g and at worst nodal singularities, and σ : C → X is a morphism over U . We say that
a prestable map (C, σ) is stable if, for every geometric point u : Spec k → U , the automorphism group of
Cu over Xu is finite.
Definition 2.1.2. The Kontsevich-Mori compactification B˜unG of Bun
0
B is the S-stack whose functor of
points sends an S-scheme U to the groupoid of tuples (ξG, C, σ) where ξG → U ×S E is a G-bundle and
(C, σ) is a stable map to ξG/B over U of genus 1 such that
(1) C → U ×S E has degree 1 on every fibre over U , and
(2) [σu] = 0 for every geometric point u of U , where [σu] ∈ X∗(T ) is the unique cocharacter satisfying
〈λ, [σu]〉 = deg σ
∗
uL
ξG
λ
for all λ ∈ X∗(T ).
Remark 2.1.3. Let s : Spec k → S be a geometric point and (ξG, C, σ) a k-point of B˜unG lying over s.
Then C = Es ∪
⋃
i Ci has a unique irreducible component mapping to a section of ξG/B → Es, and a
number of rational components Ci ∼= P1k mapping into fibres of the G/B-bundle ξG/B → Es.
The following proposition is a straightforward consequence of the general theory of stable maps (e.g.,
[AO, §2]).
Proposition 2.1.4. The stack B˜unG is an Artin stack, and the morphism B˜unG → BunG given by
forgetting the stable map is proper with finite relative stabilisers.
Proposition 2.1.5. The morphism B˜unG → BunG is surjective.
Proof. For simplicity, we can assume without loss of generality that S = Spec k for k an algebraically
closed field.
For a generic T -bundle of degree 0, we have that ξT ×T g/b is a direct sum of nontrivial line bundles
of degree 0, and hence H1(E, ξT ×T g/b) = 0, where g = Lie(G) and b = Lie(B). So the morphism
Bun0B → BunG is smooth at the point ξB = ξT ×
T B for such a T -bundle.
Hence, there is a nonempty open subset U ⊆ Bun0B such that the morphism U → BunG is smooth.
Since smooth morphisms are open, and Bun0B → BunG factors through B˜unG → BunG, it follows that
the image of B˜unG → BunG contains a nonempty open substack. Since BunG is regular and connected,
hence irreducible, the image of B˜unG → BunG is therefore dense. So surjectivity now follows from
properness. 
In studying the Kontsevich-Mori compactification, it is often useful to study the domain curves for
the stable maps in isolation.
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Definition 2.1.6. Let U be a scheme over S. A prestable degeneration of E over U is a prestable map
f : C → U ×S E over U such that for every geometric point u : Spec k → U over s : Spec k → S, the fibre
Cu has arithmetic genus 1 and the map fu : Cu → Es has degree 1. We write DegS(E) for the (Artin)
stack whose functor of points sends an S-scheme U to the groupoid of prestable degenerations of E over
U .
In the following proposition, we write f : C → DegS(E)×S E for the universal prestable degeneration.
We also write DegS(E)
≤1 ⊆ DegS(E) for the open substack of curves with at most one node, and
C≤1 = f−1(DegS(E)
≤1).
Proposition 2.1.7. The stacks C and DegS(E) are smooth over S. The section S → DegS(E) classifying
the identity idE is an open immersion and its complement D is a divisor with normal crossings relative
to S. The smooth locus D◦ ⊆ D classifies prestable maps C → E with exactly one node. The stack
C≤1 is the blowup of DegS(E)
≤1 ×S E along a closed substack mapping isomorphically to D◦ under the
projection to the first factor.
Proof. Smoothness of DegS(X) is proved in [C, Proposition 2.4.1]. The remaining assertions are all clear
from the proof of [C, Proposition 4.4.1]. 
Proposition 2.1.8. The morphism
B˜unG −→ DegS(E) (2.1.1)
is smooth.
Proof. This is proved in [C, Proposition 2.4.1]. 
Corollary 2.1.9. The stack B˜unG is smooth over S, and contains Bun
0
B as a dense open substack.
Proof. Smoothness follows from Proposition 2.1.7 and Proposition 2.1.8. The discussion at the beginning
of this subsection identifies Bun0B with the preimage of {idX} under (2.1.1), so openness and density
follow from Proposition 2.1.7. 
If C is a curve over a field k and ξG → Spec k is a G-torsor, then the degree of a map f : C → ξG/B is
the unique element [f ] ∈ X∗(T ) satisfying 〈λ, [f ]〉 = deg f∗L
ξG
λ for all λ ∈ X
∗(T ). Since the line bundle
LξG̟i on ξG/B is nef for all fundamental dominant weights ̟i, it follows that
[f ] ∈ X∗(T )≥0 = {µ ∈ X∗(T ) | 〈̟i, µ〉 ≥ 0 for αi ∈ ∆} ⊆ X∗(T ).
For λ ∈ X∗(T )+ = X∗(T )≥0 \ {0}, we write D◦λ ⊆ B˜unG for the locus of stable maps C → ξG/B with a
single rational component mapping into a fibre of ξG/B → E with degree λ, and Dλ for its closure. We
also write M+0,1(G/B, λ) for the stack of 1-pointed stable maps to G/B of degree λ with smooth domain
curve, sending the marked point to the natural base point B/B ⊆ G/B. Note that the action of B on
G/B induces an action on M+0,1(G/B, λ).
Proposition 2.1.10. We have the following.
(1) The complement DB of Bun
0
B in B˜unG is a divisor with normal crossings relative to S, and decom-
poses as
DB =
∑
λ∈X∗(T )+
Dλ.
(2) The smooth locus of DB is
D◦B =
∑
λ∈X∗(T )+
D◦λ.
(3) For each λ ∈ X∗(T )+, there is an isomorphism
D◦λ
∼= ξuniB,µ−λ ×
B M+0,1(G/B, µ),
where ξuniB,µ−λ → Bun
µ−λ
B ×S E is the universal B-bundle of degree µ− λ.
Proof. The assertions (1) and (2) follow immediately from Proposition 2.1.7 and Proposition 2.1.8. To
prove (3), note that the right hand side can be identified with the stack of tuples (ξG, σ, x, f : C →
ξG,x/B, p), where ξG is a G-bundle on (a fibre of) E, σ : E → ξG/B is a section of degree µ− λ, x ∈ E is
a point and (f : C → ξG,x/B, p ∈ C) is a 1-pointed stable map from a smooth rational curve C to ξG,x/B
of degree λ sending the marked point to σ(x). The isomorphism sends (ξG, σ, x, f, p) to the stable map
E ∪x,p C → ξG/B induced by σ and f . 
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The next proposition shows that the inclusion Bun0B ⊆ B˜unG is closely related to the inclusion Bun
ss
G ⊆
BunG of the open substack of semistable bundles. (We direct the reader to Definition 2.3.1 for the
definition of semistable and unstable G-bundles.)
Proposition 2.1.11. Let B˜un
ss
G = ψ
−1(BunssG ) ⊆ B˜unG be the preimage of the locus of semistable
bundles. Then B˜un
ss
G = Bun
0
B as open substacks of B˜unG.
Proof. The claim reduces easily to the following: given a geometric point s : Spec k → S, a G-bundle
ξG → Es and a stable map σ : C → ξG/B with [σ] = 0, the G-bundle ξG is semistable if and only if
C → Es is an isomorphism.
Assume first that C → Es is an isomorphism. Then σ is a section σ : Es → ξG/B of degree 0, so we
can write ξG = ξB ×B G for some degree 0 B-bundle ξB → Es with associated T -bundle ξT = ξB ×B T .
So for every representation V of G, the vector bundle ξB ×B V = ξG ×G V on Es has a filtration whose
subquotients are line bundles of degree 0. So the vector bundle ξG ×G V is (slope) semistable, i.e., it
has no subbundles of positive degree. If ξG were unstable, then there would exist a reduction ξP of
ξG to some standard parabolic P and a dominant weight λ of P such that 〈λ, deg ξP 〉 < 0. Taking
V to be a representation of highest weight λ, the kernel of the projection V → Vλ to the λ-weight
space is P -invariant (recall that P contains the weight-lowering Borel of negative roots according to our
conventions), so defines a subbundle of ξG ×G V of degree −〈λ, deg ξP 〉 > 0. This is a contradiction, so
ξG must be semistable.
Conversely, assume that C → Es is not an isomorphism. Then there exists a unique irreducible
component of C mapping isomorphically to Es, and the restriction of σ to this irreducible component
defines a section of degree
[σ|Es ] < [σ] = 0.
If ξB denotes the B-bundle corresponding to σ|Es : Es → ξG/B, then it follows that there exists a
dominant character λ of B such that
deg ξB ×
B Zλ = deg(σ|Es)
∗LξGλ = 〈λ, [σ|Es ]〉 < 0,
so ξG is unstable. 
An important part of Theorem 1.0.1 is the existence of a morphism χ˜ : B˜unG → Θ
−1
Y /Gm, where
Θ−1Y is some line bundle over the S-relative coarse moduli space Y = Hom(X
∗(T ),Pic0S(E)) of degree 0
T -bundles on E. For now, we will construct a morphism BlB : B˜unG → Bun
0
T . The morphism χ˜ will
eventually be constructed in §3.3 as a lift of the composition BlB,Y : B˜unG → Y of BlB with the coarse
moduli space map Bun0T → Y .
We start with a slightly more general setup. Let T ′ be a split torus over SpecZ, and let ξuniT ′ →
BunT ′/DegS(E)(C) be the universal T
′-bundle, where f : C → DegS(E) ×S E is the universal prestable
degeneration of E. Note that since the locus of singular curves in DegS(E) is a divisor, and since
each prestable degeneration is an isomorphism over a dense open set of a fibre of E, it follows that the
complement of the open substack U ⊆ DegS(E) ×S E of points over which f is an isomorphism has
codimension 2. Since BunT ′/DegS(E)(C)×S E is smooth over S, it is regular, so the restriction of ξ
uni
T ′ to
BunT ′/DegS(E)(C)×DegS(E) f
−1(U) ∼= BunT ′/DegS(E)(C)×DegS(E) U
⊆ BunT ′/DegS(E)(C)×S E
extends uniquely to a T ′-bundle Bl(ξuniT ′ ) on BunT ′/DegS(E)(C)×S E since T
′ is a torus. The T ′-bundle
Bl(ξuniT ′ ) determines a morphism
BlT ′ : BunT ′/DegS(E)(C) −→ BunT ′ .
Definition 2.1.12. In the setup above, we call the morphism BlT ′ the blow down morphism for T
′.
The blow down of a T ′-bundle can also be described in terms of its associated line bundles.
Lemma 2.1.13. Let λ ∈ X∗(T ′) be a character. Then
λ(Bl(ξuniT ′ )) = detRf∗λ(ξT ′ ), (2.1.2)
where det denotes the determinant of a perfect complex, and by abuse of notation we write
f : BunT ′/DegS(E)(C)×DegS(E) C → BunT/DegS(E)(C)×S E
for the pullback of the morphism f : C → DegS(E)×S E.
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Proof. Since BunT ′/DegS(E)(C)×S E is regular, this follows from the fact that both sides of (2.1.2) agree
when restricted to BunT ′/DegS(E)(C)×DegS(E) U . 
Returning to the Kontsevich-Mori compactification, note that given a prestable degeneration g : C →
Es and a G-bundle ξG → Es, the datum of a map σ : C → ξG/B lifting g is equivalent to the datum of
a reduction of the G-bundle g∗ξG to B. So we can identify B˜unG with an open substack of
BunB/DegS(E)(C)×BunG/DegS(E)(C) (BunG ×S DegS(E))
defined by degree and stability conditions. In particular, we have a morphism
B˜unG −→ BunB/DegS(E)(C) −→ BunT/DegS(E)(C),
where the second morphism is induced by the canonical retraction B → T .
Definition 2.1.14. We define the blow down morphism for B˜unG to be the composition
BlB : B˜unG −→ BunT/DegS(E)(C)
BlT−−→ BunT .
Proposition 2.1.15. The blow down morphism BlB is smooth, extends the canonical morphism Bun
0
B →
BunT , and factors through the connected component Bun
0
T ⊆ BunT .
Proof. This is a special case of [D, Corollary 3.5.4]. 
Proposition 2.1.16. Let λ ∈ X∗(T )+. Then the composition
D◦λ −֒→ B˜unG
BlB−−→ Bun0T
is given in terms of the isomorphism of Proposition 2.1.10 (3) by
ξuniB,−λ ×
B M+0,1(G/B, λ) −→ Bun
−λ
B ×S E −→ Bun
−λ
T ×S E −→ Bun
0
T
(ξT , x) 7−→ ξT ⊗ λ(O(x)).
Proof. By construction, the T -bundles on D◦λ ×S E classified by the two morphisms to Bun
0
T are canon-
ically isomorphic outside the section D◦λ → D
◦
λ ×S E sending a stable map to the image of the node in
E. Since both have degree 0, this extends to an isomorphism over all of D◦λ ×S E. 
2.2. Rigidifications. In this subsection, we briefly review the rigidification construction of D. Abramovich,
A. Corti and A. Vistoli [ACV, §5.1].
Let H be a commutative group scheme, so that its classifying stack BH is a (commutative) group
stack. Let X be an S-stack equipped with an action a : X × BH → X . We will say that the action a is
injective if for every S-scheme U and every U -point x : U → X of X , the induced map
HU −→ ker(AutX(x)→ AutS(s))
identifiesHU with a closed subgroup (necessarily normal) of the target. Here s : U → X is the composition
of u with the structure map X → S, and AutX(x) and AutS(s) are the automorphism group schemes
(over U) of the points x and s in the stacks X and S respectively.
Proposition 2.2.1. Given an injective action a : X × BH → X as above, there exists a unique Artin
stack Xrig equipped with a BH-invariant morphism X → Xrig such that the BH-action makes X into an
H-gerbe (i.e., a BH-torsor) over Xrig.
Proof. The proposition is just a restatement of [ACV, Theorem 5.1.5]. 
Definition 2.2.2. The stack Xrig of Proposition 2.2.1 is called the rigidification of X with respect to H .
We will be interested mainly in rigidifications where H = Z(G) is the centre of G and X = BunG,
B˜unG, or BunT . Observe that we have an action
BunG × BZ(G) −→ BunG (2.2.1)
(ξG, η) 7−→ ξG ⊗ η,
where, for U an S-scheme, ξG → U ×S E a G-bundle and η → U a Z(G)-bundle, we set
ξG ⊗ η = (ξG ×U η)/Z(G),
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where Z(G) acts on ξG×U η by the formula (x, y) ·h = (xh, yh−1). Given U the induced homomorphism
HU → Aut(ξG) corresponds to the action
HU ×U ξG −→ ξG
(h, x) 7−→ xh.
Since this homomorphism is the inclusion of a closed subgroup, the action (2.2.1) is injective, so we have
a rigidification BunG,rig of BunG with respect to Z(G). Similarly, BZ(G) also acts injectively on BunT
via the inclusion Z(G) ⊆ T , giving a rigidification BunT,rig. Since Z(G) acts trivially on the flag variety
G/B, the action on BunG lifts to an injective BZ(G)-action on the Kontsevich-Mori compactification
given by
(ξG, C, σ) · η = (ξG ⊗ η, C, σ),
so we also have a rigidification B˜unG,rig. These actions are compatible with the morphisms ψ : B˜unG →
BunG and BlB : B˜unG → Bun
0
T , so we get an induced diagram
B˜unG,rig BunG,rig
Bun0T,rig
ψrig
BlB,rig
of rigidifications.
2.3. Unstable G-bundles and Harder-Narasimhan loci. In this subsection, we review some facts
about unstable principal bundles on elliptic curves. We first recall the definition of semistability.
Definition 2.3.1. Fix a reductive group H , a geometric point s : Spec k → S and a principal H-bundle
ξH → Es. We say that ξH is stable (resp., semistable) if for every reduction ξP of ξH to a parabolic
subgroup P ⊆ H and every dominant character λ : P → Gm of P that vanishes on the reduced identity
component Z(H)◦ of the centre Z(H), we have
deg(ξP ×
P Zλ) > 0 (resp., deg(ξP ×
P Zλ) ≥ 0 ).
We say that ξH is unstable if it is not semistable.
Remark 2.3.2. As is well known, the locus BunssH ⊆ BunH of semistable bundles is an open substack.
Let ξG → Es be an unstable G-bundle on a geometric fibre of X → S. Then by definition, there exists
a parabolic subgroup P ⊆ G, a reduction ξP of ξG to P and a dominant character λ : P → Gm such
that the line bundle ξP ×P Zλ has strictly negative degree. In fact, there is a canonical choice of such a
reduction, which is in some sense as destabilising as possible.
Definition 2.3.3. Let P ⊆ G be a parabolic subgroup with Levi factor L. We say that µ ∈ X∗(Z(L)◦)Q
is a Harder-Narasimhan vector for P if
p = Lie(P ) =
⊕
〈λ,µ(ξL)〉≥0
gλ,
where
g =
⊕
λ∈X∗(Z(L)◦)
gλ,
is the weight space decomposition under the action of the torus Z(L)◦.
Definition 2.3.4. Let ξG → Es be a principalG-bundle, and ξP a reduction of ξG to a parabolic subgroup
P ⊆ G with Levi factor L ∼= P/Ru(P ). We say that the reduction ξP is canonical, or Harder-Narasimhan,
if the induced L-bundle ξL is semistable and µ(ξL) is a Harder-Narasimhan vector for P .
Theorem 2.3.5 ([B, Theorem 7.3]). Given a G-bundle ξG → Es, there exists a parabolic subgroup P ⊆ G,
unique up to conjugation, and a unique Harder-Narasimhan reduction of ξG to P .
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Remark 2.3.6. When G = GLn, Theorem 2.3.5 reduces to the statement that any vector bundle V → Xs
of rank n has a unique filtration
0 = V0 ⊆ V1 ⊆ · · · ⊆ Vm = V
such that Vi/Vi−1 is semistable for each i and
µ(V1/V0) > µ(V2/V1) > · · · > µ(Vm/Vm−1),
where µ(U) = degU/ rankU denotes the slope of a vector bundle U . This filtration is called the Harder-
Narasimhan filtration on V .
On an elliptic curve, the Harder-Narasimhan reduction of a G-bundle can be reduced further to a Levi
subgroup of G.
Proposition 2.3.7. Let ξG → Es be an unstable principal bundle, and let ξP → Es be its Harder-
Narasimhan reduction. Fix a Levi subgroup L ⊆ P (so that L → P/Ru(P ) is an isomorphism) and set
ξL = ξP ×
P L. Then there is an isomorphism of P -bundles
ξP ∼= ξL ×
L P.
In particular, the unstable G-bundle ξG has a reduction to a semistable bundle for the Levi subgroup L.
Proof. The proposition is well known. For a proof, see for example [D, Proposition 2.6.2]. 
Proposition 2.3.8. Fix a parabolic subgroup P ⊆ G with Levi factor L and µ ∈ X∗(Z(L)◦)Q a Harder-
Narasimhan vector for P . Then the morphism
Bunss,µP −→ BunG (2.3.1)
is a locally closed immersion, where Bunss,µP is the open substack of P -bundles such that the induced
L-bundle ξL is semistable with slope µ(ξL) = µ.
Proof. This proposition is also well known. For a proof, see [D, Proposition 2.6.5]. 
For future reference, we will use the following terminology for the locally closed substacks coming from
Proposition 2.3.8.
Definition 2.3.9. If ξG → Es is an unstable G-bundle on a geometric fibre of E → S with a Harder-
Narasimhan reduction to P ⊆ G with slope µ, then the Harder-Narasimhan locus of ξG is the locally
closed substack
Bunss,µP −֒→ BunG.
We can also compute the codimension of the Harder-Narasimhan loci. Note that if L ⊆ P is the
standard Levi factor (i.e., containing T ) of a standard parabolic subgroup P ⊆ G, then we have an
inclusion Z(L) ⊆ T and hence a homomorphism X∗(Z(L)◦)Q → X∗(T )Q and a pairing
〈−,−〉 : X∗(T )× X∗(Z(L)
◦)Q −→ Q.
Proposition 2.3.10. In the situation of Proposition 2.3.8, the locally closed immersion (2.3.1) has
codimension −〈2ρ, µ〉, where 2ρ ∈ X∗(T ) is the sum of the positive roots.
Proof. This is [D, Proposition 2.6.7]. 
Proposition 2.3.11. The locus of unstable bundles has codimension l + 1 in BunG, where l = dimT .
Proof. Since the locus of unstable bundles in BunG is the union of the images of Bun
ss,µ
P → BunG where
P ranges over all standard parabolic subgroups and µ ranges over all Harder-Narasimhan vectors for P ,
by Proposition 2.3.10, it suffices to prove that
−〈2ρ, µ〉 ≥ l + 1
for all such P and µ for which Bunss,µP is nonempty, with equality for some such choice of P and µ. Note
that Bunss,µP is nonempty if and only if 〈̟i, µ〉 ∈ Z for all αi ∈ t(P ).
Consider the case where P is a maximal parabolic of type t(P ) = {αi}. Then the conditions on µ are
equivalent to
µ ∈ Z>0-span
{
−
̟∨i
〈̟i, ̟∨i 〉
}
.
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So
−〈2ρ, µ〉 ≥
〈2ρ,̟∨i 〉
〈̟i, ̟∨i 〉
,
which by [FM2, Lemma 3.3.2] is always ≥ l+ 1, with equality achieved for some choice of αi.
More generally, suppose that P ⊆ G is an arbitrary parabolic, choose αi ∈ t(P ), and let Li ⊇ L be
the Levi factor of the unique maximal parabolic of type {αi} containing P . Let µ˜ ∈ X∗(Z(Li)◦)Q be the
unique element such that 〈̟i, µ˜〉 = 〈̟i, µ〉. Then
µ˜ ∈ Z>0-span
{
−
̟∨i
〈̟i, ̟∨i 〉
}
,
so −〈2ρ, µ˜〉 ≥ l + 1 as shown above. But
−〈2ρ, µ˜〉 = −
∑
α∈Φ+
〈α,̟∨i 〉>0
〈α, µ˜〉 = −
∑
α∈Φ+
〈α,̟∨i 〉>0
〈α, µ〉 ≤ −〈2ρ, µ〉
since ∑
α∈Φ+
〈α,̟∨i 〉>0
α ∈ Z≥0-span{̟i},
so we are done. 
2.4. Bruhat cells for B-bundles. Let P ⊆ G be a standard parabolic subgroup. The Bruhat decom-
position
G/B =
∐
w∈WP /W
PwB/B
into P -orbits is an important tool in the study of the flag variety G/B. Here w ranges over any fixed set
of coset representatives for the Weyl group WP = WL of the Levi factor L ⊆ P inside the Weyl group
W = NG(T )/T of G. The purpose of this subsection is to review the construction and structure of a
closely related collection of locally closed substacks in
BunP ×BunG BunB.
The construction is as follows: the Bruhat decomposition of G/B gives a decomposition
BP ×BG BB = P /G/B =
∐
w∈WP /W
P /PwB/B ∼=
∐
w∈WP /W
B(P ∩ wBw−1)
into disjoint locally closed substacks, and hence a family of disjoint locally closed substacks
BunP∩wBw−1 −֒→ BunP ×BunG BunB (2.4.1)
for w ∈ WP /W .
Definition 2.4.1. If w ∈ WP /W and λ ∈ X∗(T ), the associated Bruhat cell is
Cw,λP = BunP∩wBw−1 ×BunB Bun
λ
B
⊆ BunP ×BunG Bun
λ
B,
where the inclusion is the restriction of (2.4.1) to B-bundles of degree λ.
Observe that the composition
T −→ P ∩wBw−1 −→ (P ∩wBw−1)/[P ∩ wBw−1, P ∩wBw−1]
is an isomorphism, so that the degree of a P ∩ wBw−1-bundle is naturally an element of X∗(T ).
Proposition 2.4.2. The natural projection Cw,λP → BunP∩wBw−1 factors through an isomorphism
Cw,λP
∼= BunwλP∩wBw−1 .
Proof. This is an easy special case of [D, Proposition 3.7.4]. 
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The decomposition P = L ⋉ Ru(P ) gives a description of the Bruhat cell C
w,λ
P in terms of L and
Ru(P ). In the following proposition, if µ ∈ X∗(T ), then we write ξL and ξL∩wBw−1 respectively for the
universal L-bundle and L ∩ wBw−1 bundle on
BunµL∩wBw−1 ×BunL BunP ×S E,
U = ξL ×L Ru(P ) for the associated unipotent group scheme, Uw = ξL∩wBw−1 ×
L∩wBw−1 (Ru(P ) ∩
wBw−1) ⊆ U , and ξU = ξP /L for the associated U-bundle. If X → X ′ → S′ are morphisms of stacks, we
also write ΓS′(X
′, X) for the S′-stack whose functor of points sends U → S′ to the groupoid of sections
of the morphism X ×S′ U → X ′ ×S′ U .
Proposition 2.4.3 ([D, Proposition 3.7.5]). In the setup above, there is an isomorphism
BunµP∩wBw−1
∼= ΓM (M ×S E, ξU/Uw),
where
M = BunµL∩wBw−1 ×BunL BunP .
For future reference, we define the following set of well-behaved coset representatives for WP .
Proposition 2.4.4. The set
W 0P = {w ∈W | w
−1αi ∈ Φ+ for αi ∈ ∆ \ t(P )}
is a complete set of coset representatives for WP in W . Moreover, if w ∈W 0P , then L∩wBw
−1 = L∩B.
Proof. The result is well-known and elementary. For a proof, see for example [D, Propositions 3.7.1 and
3.7.2]. 
Unlike the Bruhat cells for the flag variety, the cells Cw,λP do not cover the stack BunP ×BunG Bun
λ
B.
However, by giving bounds on the degrees of sections of flag variety bundles, the following proposition
can often be used to show that they do cover the preimages of certain substacks of interest in BunP . In
what follows, we write
Cw,λP,ξP = {ξP } ×BunP C
w,λ
P
for ξP ∈ BunP . For λ, λ′ ∈ X∗(T ), we also write λ′ < λ if λ− λ′ ∈ X∗(T )+.
Proposition 2.4.5. Let ξP → Es be a P -bundle on a geometric fibre of E → S, and suppose there exists
a point in BunP ×BunGBun
λ
B over ξP that does not lie in any Bruhat cell. Then there exists w ∈W
0
P \{1}
and λ′ < λ such that Cw,λ
′
P,ξL×LP
6= ∅, where ξL = ξP ×P L is the associated L-bundle.
Proof. We briefly sketch the argument here; for a more detailed proof, see [D, Proposition 3.7.6].
Assume for simplicity of notation that S = Spec k for some algebraically closed field k. Unravelling
the definitions, the assumption of the proposition is equivalent to the assumption that we have a section
σ : E → ξP ×P G/B of degree λ that does not factor through any Bruhat cell ξP ×P PwB/B.
The strategy of the proof is to construct a degeneration of ξP to the bundle ξL ×L P , together with a
degeneration of σ to a stable map σ′ : C → ξL ×
L G/B such that the restriction of σ′ to the irreducible
component E ⊆ C factors through some Bruhat cell. The statement of the proposition then follows since
σ and σ′ have the same degree, and the degree of σ′ restricted to the union of rational components must
lie in X∗(T )+.
The degeneration of ξP is constructed by choosing a cocharacter µ ∈ X∗(Z(L)◦) such that the action
Gm × P −→ Gm × P
(t, p) 7−→ (t, µ(t)pµ(t)−1)
extends (uniquely) to a morphism A1 × P → P of group schemes over A1 whose fibre over 0 is the
composition P → L → P . Induction of ξP along this family of homomorphisms defines the desired
degeneration A1k → BunP . Over Gm,k, the Gm-action on σ through µ gives a lift to a family of stable
maps to the associated G/B-bundle, so we get a family of stable maps over some finite cover of A1k by
properness of stable maps. It is straightforward to check that this gives a degeneration with the desired
properties. 
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2.5. Descent for ramified Galois coverings. In this subsection, we state a simple result on descent
for line bundles along ramified Galois coverings, which is an important technical tool in the proof of the
elliptic Chevalley isomorphism in §3.1.
To simplify numerous statements later on, it will be convenient to package the data of line bundles and
their sections as follows. For any stack X over S, we will write Pic(X) for the category of line bundles
on X . This is a symmetric monoidal category under tensor product, which has an enrichment over the
category OSlisse-e´t -mod of sheaves of O-modules on the lisse-e´tale site of S defined by the formula
Hom(L,L′) = πX∗(L
∨ ⊗ L′)
for L,L′ ∈ Pic(X), where πX : X → S is the structure morphism. If Γ is a finite group acting on X over
S, then we write PicΓ(X) for the category of Γ-linearised line bundles on X . This is again a symmetric
monoidal category with enrichment over OSlisse-e´t -mod defined by the formula
Hom(L,L′) = πX∗(L
∨ ⊗ L′)Γ.
If X is proper and representable over S, then Pic(X) and PicΓ(X) are actually enriched over the full
subcategory Coh(S) ⊆ OSlisse-e´t -mod of coherent sheaves on S.
Definition 2.5.1. Let f : X → Z be a morphism of smooth stacks over S, with Z connected. We say
that f is a ramified Galois covering relative to S with Galois group Γ if
(1) the morphism f is representable and finite, and
(2) there exists an open substack U ⊆ Z such that f−1(U)→ U is an e´tale Galois covering with Galois
group Γ, and U is dense in every fibre of Z → S.
Remark 2.5.2. Note that if f : X → Z is a ramified Galois covering relative to S, then f is automatically
flat, since it is a finite morphism between regular stacks of the same dimension.
Lemma 2.5.3. Let f : X → Z be a ramified Galois covering relative to S with Galois group Γ, and let
U ⊆ Z be as in Definition 2.5.1. Then the action of Γ on f−1(U) extends uniquely to an action on X
over Z.
Proof. Since for any smooth (connected) chart V → Z, the pullback V ×Z X → V is a ramified Galois
covering relative to S with Galois group Γ, by descent for morphisms of stacks, it suffices to prove the
claim in the case where Z (and hence X) is a regular affine scheme. So we can assume Z = SpecA and
X = SpecB, with A→ B a finite flat extension of regular rings, with SpecA connected. By assumption,
we have SpecK⊗AB → SpecK a Galois covering with Galois group Γ, where K = Frac(A) is the fraction
field of A. Since B ⊆ K ⊗A B is the subring of elements integral over A, it follows that B is preserved
by the action of Γ, which completes the proof. 
Definition 2.5.4. Let f : X → Z be a ramified Galois covering with Galois group Γ, and let L be a
Γ-linearised line bundle on X . We say that L is good if for every γ ∈ Γ, the morphism
γ : L|Xγ
(1)
−→ L|Xγ
(1)
is the identity, where Xγ(1) ⊆ X
γ denotes the open substack of points in the fixed locus Xγ (relative to
Z) at which Xγ ⊆ X has codimension ≤ 1. We write PicΓ(X)good ⊆ Pic
Γ(X) for the subgroup of good
Γ-linearised line bundles, and PicΓ(X)good ⊆ Pic
Γ(X) for the corresponding full subcategory.
Remark 2.5.5. It is important in Definition 2.5.4 that we take fixed loci relative to Z and not S. The
fixed locus Xγ relative to Z is by definition the fibre product
Xγ X
X X ×Z X,
∆X/Z
(id,γ)
which is a closed substack of X since X is representable and separated over Z. Taking fixed loci relative
to S would amount to replacing ∆X/Z with ∆X/S , which will not be a closed immersion if X → S is not
representable.
Our descent result for ramified Galois coverings is the following.
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Proposition 2.5.6. Let f : X → Z be a ramified Galois covering of smooth stacks over S, with Galois
group Γ. Assume that for any γ, γ′ ∈ Γ \ {1} with γ 6= γ′, the intersection of the fixed loci (relative to Z)
Xγ ∩Xγ
′
⊆ X has codimension at least 2. Then the pullback functor Pic(Z)→ PicΓ(X) factors through
an equivalence
Pic(Z)
∼
−→ PicΓ(X)good
of symmetric monoidal categories enriched over OSlisse-e´t -mod.
For a proof of Proposition 2.5.6, we direct the reader to [D, Proposition 4.2.12].
3. Constructing the fundamental diagram
In this section, we give the construction of the diagram (1.0.7).
In §3.1, we state and prove the elliptic Chevalley isomorphism Pic(BunG) ∼= Pic
W (Y )good. We compute
PicW (Y )good (and hence Pic(BunG)) in §3.2; the computation allows us to identify an ample generator
ΘY , which we call the theta bundle. Finally, in §3.3, we explain how the elliptic Chevalley isomorphism
gives a morphism χ : BunG → Θ
−1
Y /Gm, which we show fits into a diagram (1.0.7) as claimed. Everything
we do in this section works equally well for both BunG and its rigidification BunG,rig.
3.1. The elliptic Chevalley isomorphism. The classical Chevalley isomorphisms g//G ∼= t//W and
G//G ∼= T//W are essential ingredients in the construction of the additive and multiplicative Grothendieck-
Springer resolutions (as diagrams), as they provide the base change maps t→ g//G and T → G//G.
In this subsection, we prove an elliptic analogue of these statements, which is the main ingredient in
constructing the diagram (3.3.1).
One can think of the classical (say, additive) Chevalley isomorphism as an isomorphism between the
ring of regular functions on the stack g/G and the ring of W -invariant functions on the affine variety t.
So a naive elliptic analogue would be to identify regular functions on the stack BunG with W -invariant
regular functions on some variety. However, since the coarse moduli space of semistable G-bundles is
projective rather than affine, there are not enough global regular functions on BunG to make such a
statement particularly useful. Instead, we will give a correspondence between line bundles on BunG and
certainW -linearised line bundles on the abelian variety Y , such that the space of global sections of a line
bundle on BunG is naturally isomorphic to the space of W -invariant sections of the corresponding line
bundle on Y .
Remark 3.1.1. The Weyl group W acts naturally on the torus T , and hence on the abelian variety Y
over S. Explicitly, this action is given by
sα(y) = y − α
∨(α(y))
for α ∈ Φ, where we use the natural group structure on Y , and for λ ∈ X∗(T ) (resp., µ ∈ X∗(T )), we write
λ : Y → Pic0S(E) (resp., µ : Pic
0
S(E)→ Y ) for the morphism induced by λ : T → Gm (resp., µ : Gm → T ).
Definition 3.1.2. Let L be a W -linearised line bundle on Y . In the notation of §2.5, we say that L is
good if for every root α ∈ Φ+, the morphism
sα : L|Y sα −→ L|Y sα
is the identity, where Y sα ⊆ Y is the fixed locus of sα : Y → Y . We write Pic
W (Y )good ⊆ Pic
W (Y ) for
the subgroup of good W -linearised line bundles, and PicW (Y )good ⊆ Pic
W (Y ) for the corresponding full
subcategory.
Remark 3.1.3. Over the smooth locus of Y //W , the morphism Y → Y //W is a ramified Galois covering.
Definition 3.1.2 is consistent with Definition 2.5.4 over this locus, since for w ∈ W we have Y w(1) 6= ∅ if
and only if w = sα is the reflection in some root α ∈ Φ+.
Theorem 3.1.4 (Elliptic Chevalley isomorphism). There are equivalences
Pic(BunG) ≃ Pic(BunG,rig) ≃ Pic
W (Y )good
of symmetric monoidal categories enriched over OSlisse-e´t -mod.
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Remark 3.1.5. In more down to earth terms, Theorem 3.1.4 states that there are isomorphisms
Pic(BunG) ∼= Pic(BunG,rig) ∼= Pic
W (Y )good
of abelian groups, and isomorphisms
πBunG∗LBunG
∼= πBunG,rig∗LBunG,rig
∼= (πY ∗L)
W
of sheaves of O-modules on Slisse-e´t , compatible with tensor products, for L ∈ Pic
W (Y )good corresponding
to LBunG ∈ Pic(BunG) and LBunG,rig ∈ Pic(BunG,rig).
Proof of Theorem 3.1.4. We give the outline of the proof here, and fill in the details in the rest of the
subsection.
First, by Lemma 3.1.15 and Proposition 2.3.11, the restriction functors
Pic(BunG) −→ Pic(Bun
ss
G ) and Pic(BunG,rig) −→ Pic(Bun
ss
G,rig)
are equivalences of symmetric monoidal categories enriched over OSlisse-e´t -mod. So it suffices to prove the
theorem with BunssG and Bun
ss
G,rig in place of BunG and BunG,rig.
Consider the commutative diagram
B˜un
ss,reg
G B˜un
ss
G Bun
0
T Y
Bunss,regG Bun
ss
G ,
BlssB
and its rigidification
B˜un
ss,reg
G,rig B˜un
ss
G,rig Bun
0
T,rig Y
Bunss,regG,rig Bun
ss
G,rig,
BlssB,rig
where Bunss,regG ⊆ Bun
ss
G and B˜un
ss,reg
G ⊆ B˜un
ss
G are the big open substacks of regular semistable bundles
(see Definition 3.1.7 and Proposition 3.1.16). By Lemma 3.1.15 again, restriction of line bundles gives
equivalences
Pic(BunssG )
∼
−→ Pic(Bunss,regG ) and Pic(Bun
ss
G,rig)
∼
−→ Pic(Bunss,regG,rig ).
By Proposition 3.1.14, the morphisms B˜un
ss,reg
G,rig → Bun
ss,reg
G,rig and B˜un
ss,reg
G → Bun
ss,reg
G are ramified
Galois coverings with Galois groupW satisfying the hypotheses of Proposition 2.5.6 such that the Galois
action covers the natural W -action on Y . So there are equivalences
Pic(Bunss,regG )
∼
−→ PicW (B˜un
ss,reg
G )good and Pic(Bun
ss,reg
G,rig )
∼
−→ PicW (B˜un
ss,reg
G,rig )good
of symmetric monoidal categories enriched over OSlisse-e´t -mod. But by Proposition 3.1.19 the natural
pullback functors give equivalences
PicW (Y )good
∼
−→ PicW (B˜un
ss,reg
G )good
and
PicW (Y )good
∼
−→ PicW (B˜un
ss,reg
G,rig )good,
which completes the proof. 
Remark 3.1.6. From the proof, it is clear that the equivalence
Pic(BunG,rig)
∼
−→ Pic(BunG)
of Theorem 3.1.4 is just the obvious pullback functor.
The rest of this subsection is concerned with proving the various propositions and lemmas quoted in
the proof of Theorem 3.1.4. We begin by introducing and studying the substack of regular semistable
bundles.
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Definition 3.1.7. We say that a semistable G-bundle ξG ∈ Bun
ss
G is regular if dimψ
−1(ξG) = 0. We
write Bunss,regG ⊆ Bun
ss
G for the open substack of regular semistable bundles. We also write
B˜un
ss,reg
G = ψ
−1(Bunss,regG ).
Remark 3.1.8. There is another notion of regular semistable bundle in use in the literature, namely
that of a semistable principal bundle whose automorphism group has minimal dimension l = rankG. We
will see later on (Proposition 4.4.5) that this notion agrees with ours.
In classical Springer theory, the simplest regular elements to describe are the regular semisimple ones.
The same is true in our context.
Definition 3.1.9. We say that a point y : Spec k → Y over s : Spec k → S is strictly regular if for every
root α ∈ Φ+, we have α(y) 6= 0 ∈ Pic
0(Ys). We write Y
sreg for the open subset of strictly regular points
and Bun0,sregT and B˜un
ss,sreg
G for the preimages in Bun
0
T and B˜un
ss
G respectively. We call a G-bundle
ξG ∈ Bun
ss
G strictly regular, or regular semisimple, if it lies in the image Bun
ss,sreg
G = ψ(B˜un
ss,sreg
G ).
Lemma 3.1.10. The morphism B˜un
ss,sreg
G → Bun
0,sreg
T is an isomorphism.
Proof. Since B˜un
ss,sreg
G → Bun
0,sreg
T is smooth, it suffices to show that each geometric fibre is trivial.
But this is clear from Lemma 3.1.11 below, so we are done. 
Lemma 3.1.11. Fix a geometric point s : Spec k → S and a degree 0 T -bundle ξT on Es corresponding
to y ∈ Ys, and let U ⊆ Ru(B) be a unipotent closed subgroup scheme that is invariant under conjugation
by T . Assume that for all α ∈ Φ− such that α(y) = 0, we have Uα ⊆ U , where Uα = Ga is the root
subgroup corresponding to α. Then the induced bundle morphism
BunTU (Es)ξT −→ BunB(Es)ξT
is an isomorphism, where the subscript denotes the fibre over ξT of the natural morphism to BunT (Es).
Proof. Since the statement only concerns individual geometric fibres of E → S, we can assume for
simplicity that S = Spec k and E = Es.
Writing R and U for the group schemes ξT ×
T Ru(B) and ξT ×
T U , we have canonical isomorphisms
BunTU (E)ξT
∼= BunU and BunB(E)ξT ∼= BunR,
so it suffices to show that the natural morphism BunU → BunR is an isomorphism.
Let Ru(B) = Ru(B)
≥1 ⊇ Ru(B)≥2 ⊇ · · · be the filtration on Ru(B) according to root height, and
U≥i = U ∩ Ru(B)≥i for all i. Then writing R≥i = ξT ×T Ru(B)≥i and U≥i = ξT ×T U≥i, by applying
the long exact sequence in nonabelian cohomology repeatedly (for example, in the form [D, Proposition
2.4.2, (2)]), we reduce to proving that
BunU≥i−1/U≥i −→ BunR≥i−1/R≥i (3.1.1)
is an isomorphism for all i. The group schemes U≥i−1/U≥i and R≥i−1/R≥i are direct sums of degree 0
line bundles such that U≥i−1/U≥i contains all trivial summands of R≥i−1/R≥i. Since BunV = Spec k
for V → E a nontrivial line bundle of degree 0, it follows that (3.1.1) is an isomorphism as claimed. 
In the following lemma, for ξB → Es a B-bundle and w ∈ W , we write
Cw = {ξB} ×BunB C
w,0
B = C
w,0
B,ξB
in the notation of §2.4.
Lemma 3.1.12. Let ξB → Es be a B-bundle of degree 0 on a geometric fibre of E → S, and let
ξG = ξB ×B G be the induced G-bundle. Then the morphism∐
w∈W
Cw −→ {ξG} ×BunG Bun
0
B = ψ
−1(ξG)
is surjective.
Proof. Let ξT = ξB ×B T . Since by Proposition 2.4.2, C
w,λ
B,ξT×TB
= ∅ unless λ = 0, the lemma follows
from Proposition 2.4.5. 
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Proposition 3.1.13. We have ψ−1(Bunss,sregG ) = B˜un
ss,sreg
G , and the morphism B˜un
ss,sreg
G,rig → Bun
ss,sreg
G,rig
(and hence also B˜un
ss,sreg
G → Bun
ss,sreg
G ) is an e´tale Galois covering with Galois group W . In particular,
every strictly regular G-bundle is regular.
Proof. We first show that B˜un
ss,sreg
G → Bun
ss
G is e´tale. To see this, let ξB → Es be the B-bundle classified
by a geometric point of B˜un
ss,sreg
G over s : Spec k → S, and observe that the relative tangent complex at
ξB is given by
T
B˜unG/BunG,ξB
= RΓ(Es, ξB ×
B g/b).
The B-module g/b has a filtration with subquotients isomorphic to gα = Zα for α ∈ Φ+. Since the
associated T -bundle is strictly regular, the line bundles ξB ×B Zα are nontrivial of degree 0, so have
vanishing cohomology. So T
B˜unG/BunG,ξB
= 0, and ψ is e´tale at ξB.
We next compute the fibre of ψ over a geometric point ξG ∈ Bun
ss,sreg
G over s : Spec k → S. Let ξB
be a lift of ξG to B˜un
ss,sreg
G with associated T -bundle ξT . By Lemma 3.1.12, we have a decomposition
ψ−1(ξG) =
∐
w∈W
Cw
into locally closed subsets indexed by the Weyl group W . By Propositions 2.4.2 and 2.4.3, we have
Cw = Γ(Es, ξU/Uw) = BunUw(Es)×BunU (Es) {ξU},
where U and Uw are the unipotent group schemes U = ξT ×T Ru(B) and Uw = ξT ×T (Ru(B) ∩wBw−1)
on Es, and ξU = ξB/T is the U-bundle corresponding to ξB . But since ξT is strictly regular, Lemma
3.1.11 shows that BunU (Es) = BunUw(Es) = Spec k, so C
w ∼= Spec k as well. Since ψ is e´tale, ψ−1(ξG)
is reduced so we get an isomorphism
W × Spec k
∼
−→ ψ−1(ξG)
w 7−→ Cw
such that the composition with ψ−1(ξG)→ Y sends w ∈W to w−1y, where y = BlB,Y (ξB). In particular,
since w−1y ∈ Y sreg, we have ψ−1(ξG) ⊆ B˜un
ss,sreg
G , so this proves ψ
−1(Bunss,sregG ) = B˜un
ss,sreg
G .
Since ψ is proper, the above discussion implies that B˜un
ss,sreg
G → Bun
ss,sreg
G is finite e´tale, and hence
so is B˜un
ss,sreg
G,rig → Bun
ss,sreg
G,rig . To prove that it is a Galois cover with Galois group W , we need to
show that W acts on B˜un
ss,sreg
G,rig over Bun
ss,sreg
G,rig , freely and transitively on some (hence every) fibre. By
Lemma 3.1.10, we can identify B˜un
ss,sreg
G,rig → Bun
ss,sreg
G,rig with the morphism Bun
0,sreg
T,rig → Bun
ss,sreg
G,rig given
by inducing along T →֒ G. Since NG(T ) acts on B(T/Z(G)) over B(G/Z(G)), it acts on BT over BG
preserving the BZ(G)-action. So we get an action of NG(T ) on Bun
0,sreg
T over Bun
ss,sreg
G also preserving
the BZ(G)-action, and hence on Bun0,sregT,rig over Bun
ss,sreg
G,rig . Since Bun
0,sreg
T,rig → Bun
ss,sreg
G,rig is e´tale, the
connected subgroup T ⊆ NG(T ) must act trivially, so this factors through the desired action of W .
By construction, the morphism Bun0,sregT,rig → Y
sreg is W -equivariant. Choose a geometric point
y : Spec k → Y sreg over s : Spec k → S such that the stabiliser of y under W is trivial, and let ξT
be the corresponding T -bundle. Then ψ−1(ξT ×T G) maps isomorphically onto the W -orbit of y in Ys,
so the W -action on ψ−1(ξT ×
T G) is free and transitive, and we are done. 
Proposition 3.1.14. The morphisms B˜un
ss,reg
G → Bun
ss,reg
G and B˜un
ss,reg
G,rig → Bun
ss,reg
G,rig are ramified
Galois coverings with Galois group W satisfying the conditions of Proposition 2.5.6.
Proof. Since B˜un
ss,sreg
G ⊆ B˜un
ss,reg
G is dense in every fibre over S, and both morphisms are proper
and quasi-finite, hence finite, both morphisms are ramified Galois coverings with Galois group W by
Proposition 3.1.13. It suffices to check the conditions of Proposition 2.5.6 for B˜un
ss,reg
G → Bun
ss,reg
G , as
the claims for B˜un
ss,reg
G,rig → Bun
ss,reg
G,rig then follow by descent.
We need to show that for every w,w′ ∈W \ {1} with w 6= w′, the intersection of the Bunss,regG -relative
fixed loci (B˜un
ss,reg
G )
w∩(B˜un
ss,reg
G )
w′ has codimension at least 2 in every fibre over S. Observe that since
B˜un
ss,sreg
G → Y
sreg is W -equivariant and Y → S is representable and separated, it follows by continuity
that BlregB,Y : B˜un
ss,reg
G → Y is also W -equivariant. So (B˜un
ss,reg
G )
w ⊆ Bl−1B,Y (Y
w) for all w ∈ W , where
Y w denotes the fixed locus relative to S. Since BlB,Y is smooth and Y
w ∩ Y w
′
has codimension at least
2 in every fibre, the result now follows. 
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If U ⊆ X is an open set in a stack X over S, we say that U is big relative to S if the complement of
U ∩Xs in Xs has codimension at least 2 for every geometric point s : Spec k → S.
Lemma 3.1.15. Let πX : X → S be a smooth morphism of stacks, and let U ⊆ X be a big open substack
relative to S. Then the restriction functor
Pic(X) −→ Pic(U) (3.1.2)
is an equivalence of symmetric monoidal categories enriched over OSlisse-e´t -mod.
Proof. Since every object of Slisse-e´t is a smooth over S, hence regular, this follows from the fact that
line bundles and their sections extend uniquely over sets of codimension 2 in regular schemes. 
Proposition 3.1.16. The open substacks
Bunss,regG ⊆ Bun
ss
G and B˜un
ss,reg
G ⊆ B˜un
ss
G
are big relative to S.
The proof of Proposition 3.1.16 relies on the following construction of G-bundles that are regular
semistable but not strictly regular.
Let s : Spec k → S be a geometric point, α ∈ Φ+ a positive root, and let y ∈ Ys satisfy α(y) = 0 and
β(y) 6= 0 for all β ∈ Φ+ \ {α}. Then by Lemma 3.1.11, the fibre of B˜un
ss
G → Y over y is
B˜un
ss
G,y
∼= BunB,y ∼= BunTU−α(Es)y ∼= BunU−α(Es)/T,
where the last isomorphism follows from the fact that a TU−α = T ⋉ U−α-bundle is the same thing as a
T -bundle ξT plus a ξT ×T U−α ∼= U−α-bundle (see, e.g., [D, Proposition 2.4.2, (1)]). Since H1(Es,O) = k,
there is a unique k-point of BunU−α(Es)/T corresponding to a nontrivial U−α-bundle. Let ξTU−α be the
corresponding point of BunTU−α(Es)y and let ξG = ξTU−α ×
TU−α G.
Lemma 3.1.17. Let ξG be the G-bundle defined above. Then the fibre ψ
−1(ξG) has exactly |W |/2 k-
points. In particular, ξG is regular semistable.
Proof. Observe that since the subgroup TU−α ⊆ G is conjugate under NG(T ) ⊆ G to TU−αi for some
αi ∈ ∆, we can assume without loss of generality that α = αi is a simple root.
Writing ξB = ξTU−αi ×
TU−αi B, we have ξG = ξB ×B G, so by Lemma 3.1.12 we get a decomposition
ψ−1(ξG) =
∐
w∈W
Cw
into locally closed subschemes, where by Proposition 2.4.3 we can identify Cw with the space of sections
of
ξB ×
B BwB/B = ξTU−αi ×
TU−αi Ru(B)/(Ru(B) ∩wBw
−1).
If U−αi * Ru(B) ∩ wBw
−1, i.e., if w−1αi ∈ Φ−, then there is a TU−αi-equivariant morphism
Ru(B)/(Ru(B) ∩ wBw
−1) −→ U−αi ,
so ξTU−αi ×
TU−αi Ru(B)/(Ru(B)∩wBw−1) has no sections since ξTU−αi ×
TU−αi U−αi = ξU−αi has none,
and hence Cw = ∅. If U−αi ⊆ Ru(B) ∩ wBw
−1, i.e., if w−1αi ∈ Φ+, then the natural morphisms
BunTU−αi (Es)ξT −→ BunTRu(B)∩wBw−1(Es)ξT −→ BunB(Es)ξT
are isomorphisms by Lemma 3.1.11, where ξT → Es is the T -bundle corresponding to y, which implies
that Cw = Spec k. Since there are exactly |W |/2 elements of W satisfying w−1αi ∈ Φ+, this proves the
lemma. 
Proof of Proposition 3.1.16. It suffices to prove the statement for B˜un
ss,reg
G ⊆ B˜un
ss
G ; the statement for
Bunss,regG ⊆ Bun
ss
G then follows immediately. Since the property of being big is defined fibrewise, it
suffices to prove the claim when S = Spec k for some algebraically closed field k.
We need to show that the complement of B˜un
ss,reg
G in B˜un
ss
G has codimension at least 2. Since
B˜un
ss,sreg
G ⊆ B˜un
ss,reg
G and Bl
ss
B,Y : B˜un
ss
G → Y is smooth, it suffices to show that B˜un
ss,reg
G ∩(Bl
ss
B,Y )
−1(D)
is dense in (BlssB,Y )
−1(D) for all irreducible components D of Y \ Y sreg =
⋃
α∈Φ+
Y sα . For each such
D, (BlssB,Y )
−1(D) is smooth and connected, hence irreducible, and B˜un
ss,reg
G ∩ (Bl
ss
B,Y )
−1(D) is open. So
it suffices to show that B˜un
ss,reg
G ∩ (Bl
ss
B,Y )
−1(D) is nonempty. But there exists α ∈ Φ+ such that the
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generic point y of D ⊆ Y satisfies α(y) = 0 and β(y) 6= 0 for all β ∈ Φ+ \{α}, so this follows from Lemma
3.1.17. 
Lemma 3.1.18. Assume that S is a scheme, let α ∈ Φ+ and let y ∈ Y sα be the generic point of an
irreducible component. Then the morphism
B˜un
ss,reg
G ×Y SpecOY,y −→ BunG ×S SpecOY,y (3.1.3)
is a locally closed immersion.
Proof. Since StabW (y) = {1, sα}, the proofs of Lemma 3.1.17 and Proposition 3.1.16 show that (3.1.3)
separates points, so it is enough to prove that it is formally unramified. This is equivalent to the claim
that the morphism
H0(Es, ξB ×
B g/b) −→ H1(Es, t⊗OEs) (3.1.4)
induced by the extension of B-modules
0 −→ t −→ g/Ru(b) −→ g/b −→ 0
is injective, where ξB → Es is the unique B-bundle in B˜un
ss,reg
G ×Y {y}. Since ξB is induced from
the unique TU−α-bundle ξTU−α with nontrivial associated U−α-bundle, we can identify (3.1.4) with the
morphism
H0(Es, ξTU−α ×
TU−α gα) −→ H
1(Es, t⊗OEs) (3.1.5)
induced by the extension
0 −→ t −→ (t+ ρα(sl2))/u−α −→ gα −→ 0 (3.1.6)
of TU−α-modules. But (3.1.6) is induced from the canonical non-split extension
0 −→ α∨(Z) −→ V −→ gα −→ 0,
so injectivity of (3.1.5) follows. 
Proposition 3.1.19. We have the following.
(1) The pullback functors
Pic(Y ) −→ Pic(B˜un
ss,reg
G,rig ) and Pic(Y ) −→ Pic(B˜un
ss,reg
G )
are fully faithful as functors enriched over OSlisse-e´t -mod.
(2) The pullback functors
PicW (Y ) −→ PicW (B˜un
ss,reg
G,rig ) −→ Pic
W (B˜un
ss,reg
G ) (3.1.7)
are equivalences of categories enriched over OSlisse-e´t -mod.
(3) The equivalences (3.1.7) restrict to equivalences
PicW (Y )good
∼
−→ PicW (B˜un
ss,reg
G,rig )good
∼
−→ PicW (B˜un
ss,reg
G )good.
Proof. Note that since all enriched categories in the statement satisfy flat descent on S, we can assume
without loss of generality that S is a connected regular scheme and that E → S has a section OE : S → E.
To prove (1), note that by Proposition 3.1.16 and Lemma 3.1.15, it suffices to prove that the enriched
functors
Pic(Y ) −→ Pic(B˜un
ss
G,rig) and Pic(Y ) −→ Pic(B˜un
ss
G )
are fully faithful. We will in fact show that
BlssB,Y,rig∗OB˜unssG,rig
= BlssB,Y ∗OB˜unssG
= OY (3.1.8)
as sheaves of O-modules on Ylisse-e´t , where Bl
ss
B,Y,rig and Bl
ss
B,Y are the morphisms from B˜un
ss
G,rig and
B˜un
ss
G to Y given by composing Bl
ss
B,rig and Bl
ss
B with the coarse moduli space maps. Fully faithfulness
then follows since
Hom((BlssB,Y )
∗L1, (Bl
ss
B,Y )
∗L2) = πY ∗Bl
ss
B,Y ∗(Bl
ss
B,Y )
∗(L−11 ⊗ L2) = πY ∗(L
−1
1 ⊗ L2 ⊗ Bl
ss
B,Y ∗O)
(and similarly for BlssB,Y,rig).
Note that since Y is normal and the morphisms B˜un
ss
G → B˜un
ss
G,rig → Y are smooth, it suffices to
prove (3.1.8) on the complement of a set of codimension at least 2. By Lemma 3.1.10, (3.1.8) holds on
Y sreg, so it remains to check that it holds after pulling back to SpecOY,y for every generic point y of an
irreducible component of Y \ Y sreg.
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Let α ∈ Φ+ be the unique root such that sα(y) = y. Then we have canonical isomorphisms
B˜un
ss
G ×Y SpecOY,y
∼= BunTU−α ×Y SpecOY,y ∼= BunU−α/ SpecOY,y (E)/T
and
B˜un
ss
G,rig ×Y SpecOY,y ∼= BunU−α/ SpecOY,y (E)/(T/Z(G)),
where U−α = ξT,OY,y ×
T U−α for ξT,OY,y the pullback to SpecOY,y ×S E of the universal T -bundle on
Y ×S E trivialised along Y ×S {OE}.
The long exact sequence in cohomology associated to the exact sequence
0 −→ U−α(−OE) −→ U−α −→ OE∗O
∗
EU−α −→ 0
shows that the morphism
BunU−α(−OE)/ SpecOY,y (E) −→ BunU−α/ SpecOY,y (E) (3.1.9)
is a torsor under the line bundle O∗EU−α on SpecOY,y. Since R
0pE∗U−α(−OE) = 0, the domain of
(3.1.9) can be identified with the line bundle R1pE∗U−α(−OE) over SpecOY,y on which T acts with
weight −α. (Here pE : SpecOY,y ×S E → SpecOY,y is the natural projection.) So the claim follows by
direct computation using the Cˇech complex for the covering (3.1.9) to compute the pushforward of O
and taking T and (T/Z(G))-invariants.
To prove (2), note that (1) implies that the functors
PicW (Y ) −→ PicW (B˜un
ss,reg
G,rig ) and Pic
W (Y ) −→ PicW (B˜un
ss,reg
G )
are fully faithful as enriched functors, and so it is enough to prove that they are essentially surjective.
Fix a W -linearised line bundle L on B˜un
ss,reg
G . Restricting L to B˜un
ss,sreg
G = Bun
0,sreg
T = Y
sreg × BT
and using the isomorphism
PicW (Y sreg × BT ) ∼= PicW (Y sreg)⊕ X∗(T )W = PicW (Y sreg)
gives a W -linearised line bundle on Y sreg, which can be extended (non-uniquely) to a line bundle L0 on
Y . By construction,
L = ((BlregB,Y )
∗L0)
(∑
i
niD¯i
)
,
where ni ∈ Z and D¯i ⊆ B˜un
ss,reg
G are irreducible divisors in the complement of B˜un
ss,sreg
G . From the
proof of Proposition 3.1.16, for any irreducible divisor D in Y in the complement of Y sreg, (BlregB,Y )
−1(D)
is nonempty and irreducible. So we must have D¯i = (Bl
reg
B,Y )
−1(Di) for some divisors Di on Y , and hence
L = (BlregB,Y )
∗(L′), where
L′ = L0
(∑
i
niDi
)
.
Now (1) implies that the W -linearisation on L necessarily descends to a W -linearisation on L′, so we
have shown that PicW (Y )→ PicW (B˜un
ss,reg
G ) is essentially surjective. An identical argument shows that
PicW (Y )→ PicW (B˜un
ss,reg
G,rig ) is essentially surjective, so this proves (2).
To prove (3), first note that a W -linearised line bundle on B˜un
ss,reg
G,rig is good if and only if its pullback
to B˜un
ss,reg
G is good. So it suffices to prove that a W -linearised line bundle L on Y is good in the sense
of Definition 3.1.2 if and only if the W -linearised line bundle (BlregB,Y )
∗L on B˜un
ss,reg
G is good in the sense
of Definition 2.5.4.
If w ∈ W , then (B˜un
ss,reg
G )
w ⊆ (BlregB,Y )
−1(Y w), so either w = sα for some α ∈ Φ+ or (B˜un
ss,reg
G )
w ⊆
B˜un
ss,reg
G has codimension at least 2. It is clear from this and the definitions that if L is good then
(BlregB,Y )
∗L is good also. Conversely, suppose that (BlregB,Y )
∗L is good. To show that L is good, it suffices
to show that for every α ∈ Φ+ and every generic point y of an irreducible component of Y sα , the morphism
sα : L|(SpecOY,y)sα −→ L|(SpecOY,y)sα
is the identity. Since (BlregB,Y )
∗L is good, this holds after pulling back along the morphism
(B˜un
ss,reg
G ×Y SpecOY,y)
sα −→ (SpecOY,y)
sα , (3.1.10)
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where the fixed locus on the left is relative to BunG, and the fixed locus on the right is relative to Y .
But Lemma 3.1.18 implies that
(B˜un
ss,reg
G ×Y SpecOY,y)
sα = B˜un
ss,reg
G ×Y (SpecOY,y)
sα
so (3.1.10) is smooth and surjective. So the result follows by descent. 
3.2. The theta bundle. In this subsection, we compute the group PicW (Y )good = Pic(BunG). The
computations show that PicW (Y )good is generated by Pic(S) and a single ample line bundle ΘY . This
corresponds to a line bundle ΘBunG on BunG, which we call the theta bundle.
Definition 3.2.1. Let L be any line bundle on Y . The quadratic class of L is the function
q(L) : X∗(T ) −→ Z
λ 7−→ degPic0(Es)(λ
∗L)
where the degree is taken over any geometric fibre of the relative Picard scheme Pic0S(E)→ S.
The following lemma motivates the terminology “quadratic class”.
Lemma 3.2.2. Let L be a line bundle on Y . Then q(L) is a quadratic form, i.e., q(L)(−λ) = q(L)(λ)
for all λ ∈ X∗(T ) and the map
Q(L) : X∗(T )× X∗(T ) −→ Q
(λ, µ) 7−→
1
2
(q(L)(λ + µ)− q(L)(λ)− q(L)(µ))
is symmetric and bilinear.
Proof. Since q(L) is computed on a geometric fibre, we can assume for simplicity that S = Spec k for
some algebraically closed field k. We have
q(L)(−λ) = degPic0(E)(−λ)
∗L = degPic0(E)[−1]
∗λ∗L = degPic0(E) λ
∗L = q(L)(λ)
since [−1] : Pic0(E)→ Pic0(E) has degree 1.
For the map Q(L), symmetry is obvious. Bilinearity is equivalent to Q(L)(0, 0) = 0, which is true by
inspection, and the statement that for all λ, µ, ν ∈ X∗(T ) the line bundle on Pic
0(E)
(λ+ µ+ ν)∗L⊗ (λ+ µ)∗L−1 ⊗ (λ+ ν)∗L−1 ⊗ (µ+ ν)∗L−1 ⊗ λ∗L⊗ µ∗L⊗ ν∗L
has degree 0. But this line bundle is trivial by the theorem of the cube [M, §II.6], so we are done. 
Remark 3.2.3. Let L be a line bundle on Y . Note that Lemma 3.2.2 implies that q(L)(0) = −Q(L)(0, 0) =
0, and hence
q(L)(λ) = −
1
2
(q(L)(λ− λ)− q(L)(λ) − q(L)(−λ)) = −Q(L)(λ,−λ) = Q(L)(λ, λ).
So the datum of the function q(L) : X∗(T ) → Z is equivalent to the datum of the bilinear form Q(L) ∈
Hom(Sym2(X∗(T )),Q). For this reason, we will often refer to Q(L) as the quadratic class of L.
Remark 3.2.4. One might hope that the quadratic class q(L) determines the first Chern class c1(L).
This is not true in general: for example, it fails for the elliptic curve E = C/(Z+ iZ) over S = SpecC, the
group G = SL3 and the line bundle L constructed as follows. Identify Pic
0(E) with E and hence Y with
E×E via the canonical principal polarisation. Let P be the line bundle on E×E defining the polarisation
on E, and let L = (id, i)∗P be the pullback of P under the automorphism (id, i) : E ×E → E ×E. Then
q(L) = 0 but c1(L) 6= 0.
Lemma 3.2.5. Let L be a good W -linearised line bundle on Y . Then Q(L) lies in the image of
Sym2(X∗(T ))W ⊆ Hom(Sym2(X∗(T )),Z) ⊆ Hom(Sym
2(X∗(T )),Q)
under the inclusion sending λµ ∈ Sym2(X∗(T )) to the bilinear map
X∗(T )× X∗(T ) −→ Z
(λ′, µ′) 7−→ 〈λ, λ′〉〈µ, µ′〉+ 〈λ, µ′〉〈µ, λ′〉.
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Proof. As in Lemma 3.2.2, we may assume S = Spec k. Since Q(L) is manifestlyW -invariant, by elemen-
tary linear algebra, it is enough to show that if α∨i , α
∨
j ∈ ∆
∨ are simple coroots, then Q(L)(α∨i , α
∨
i ) ∈ 2Z
and Q(L)(α∨i , α
∨
j ) ∈ Z.
If α∨i ∈ ∆
∨, then Lemma 3.2.6 below implies that
Q(L)(α∨i , α
∨
i ) = degPic0(E)(α
∨
i )
∗L ∈ 2Z.
If α∨j ∈ ∆
∨ is another simple coroot, then invariance of Q(L) under si ∈W implies that
Q(L)(α∨i , α
∨
j ) =
Q(L)(α∨i , α
∨
i )
2
〈αi, α
∨
j 〉 ∈ Z,
so we are done. 
In the following lemma, we write OPic0S(E) for the origin in Pic
0
S(E), in order to distinguish it from the
zero divisor 0. We will also write πY : Y → S for the structure morphism and OY : S → Y for the section
corresponding to the trivial T -bundle.
Lemma 3.2.6. Let L be a W -linearised line bundle on Y such that the action of W on O∗Y L is trivial.
Then the W -linearisation on L is good if and only if for all simple coroots α∨i , (α
∨
i )
∗L ∼= π∗Pic0S(E)
L′(2d ·
OPic0S(E)) for some d ∈ Z and some line bundle L
′ on S.
Proof. Since every reflection in W is conjugate to a simple reflection, the line bundle L is good if and
only if
si : L|Y si −→ L|Y si
is the identity for all simple reflections si.
Fix a simple reflection si. Observe that since X∗(T )
si
Q +Qα
∨
i = X∗(T )Q, the morphism
f : Pic0S(E)⊗Z X∗(T )
si ×S Pic
0
S(E) = Pic
0
S(E)⊗Z (X∗(T )
si + Zα∨i ) −→ Pic
0
S(E) ⊗Z X∗(T ) = Y
is an isogeny of abelian varieties over S, and f ◦ si = r ◦ f , where
r = (id, [−1]) : Pic0S(E)⊗Z X∗(T )
si ×S Pic
0
S(E) −→ Pic
0
S(E)⊗Z X∗(T )
si ×S Pic
0
S(E).
Since r acts trivially on ker(f), it follows that
f−1(Y si) = Pic0S(E)⊗Z X∗(T )
si ×S Pic
0
S(E)[2]
and so the action of si on L|Y si is trivial if and only if the action of r on
f∗L|Pic0S(E)⊗X∗(T )si×SPic0S(E)[2]
is trivial. Since the action of r is given by a global regular function on Pic0S(E)⊗X∗(T )
si ×S Pic
0
S(E)[2],
which is necessarily pulled back from a regular function on Pic0S(E)[2], it suffices to check that r acts as
the identity on the fibre of
Pic0S(E)⊗Z X∗(T )
si ×S Pic
0
S(E)[2] −→ Pic
0
S(E)⊗Z X∗(T )
si
over any section of the structure map to S. Taking the fibre over the natural origin, the restriction of
f here is α∨i : Pic
0
S(E) → Y . So by Lemma 3.2.7 below, r acts as the identity if and only if (α
∨
i )
∗L =
π∗
Pic0S(E)
L′(2d ·OPic0S(E)), which proves the lemma. 
Lemma 3.2.7. Let L be a line bundle on Pic0S(E) with [−1]
∗L ∼= L, and let σ : [−1]∗L → L be the
unique isomorphism acting as the identity on the pullback of L along the section OPic0S(E) : S → Pic
0
S(E)
corresponding to the trivial line bundle on E. Then σ acts as the identity on L|Pic0S(E)[2] if and only if
L = π∗L′⊗O(2d ·OPic0S(E)) for some d ∈ Z and some line bundle L
′ on S, where π : Pic0S(E)→ S is the
structure morphism.
Proof. The morphism σ acts as the identity on L|Pic0S(E)[2] if and only if L = f
∗L′′ for some line bundle
L′′ on the P1-bundle P = PS(π∗O(2 · OPic0S(E)))
∨ over S, where f is the canonical morphism. But every
line bundle L′′ on P is of the form L′′ = π∗PL
′(d · f(OPic0S(E))) for some d ∈ Z and some line bundle L
′ on
S, so f∗L′′ = π∗L′(2d · OPic0S(E)) and we are done. 
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Lemma 3.2.8. Let M be a finitely generated free abelian group. Then the abelian group Sym2(M)∨ =
HomZ(Sym
2(M),Z) is generated by
λ2 : Sym2(M) −→ Z
mn 7−→ λ(m)λ(n)
for λ ∈M∨, with relations
λ2 = (−λ)2 and (λ + µ+ ν)2 − (λ+ µ)2 − (λ+ ν)2 − (µ+ ν)2 + λ2 + µ2 + ν2 = 0
for λ, µ, ν ∈M∨.
Proof. The proof is an exercise in elementary linear algebra. The details can be found in [D, Lemma
4.4.8]. 
Proposition 3.2.9. The homomorphism
(Q,O∗Y ) : Pic
W (Y )good −→ Sym
2(X∗(T ))W ⊕ Pic(S) (3.2.1)
is an isomorphism of abelian groups.
Proof. We show that (3.2.1) is both injective and surjective.
For injectivity, suppose that L is a good W -linearised line bundle on Y such that Q(L) = 0 and
O∗Y L
∼= OS . To show that L is trivial, it is enough to show that L is trivial on every geometric fibre of
Y → S, since this implies by Grauert’s Theorem that L is pulled back from a line bundle on S. So we
can assume for this part of the proof that S = Spec k for some algebraically closed field k.
We first claim that for any two simple coroots α∨i and α
∨
j , the pullback L
′ = (α∨i , α
∨
j )
∗L of L under
(α∨i , α
∨
j ) : Pic
0(E)× Pic0(E) −→ Y
is trivial. To see this, it suffices to show that (α∨j )
∗L = O, and that L′ is trivial restricted to every k-fibre
of the second projection Pic0(E)×Pic0(E)→ Pic0(E). To see the first condition, apply Lemma 3.2.7 to
the morphism
[−1]∗(α∨j )
∗L = (α∨j )
∗s∗jL
∼
−→ (α∨j )
∗L,
and use the fact that (α∨j )
∗L has degree q(L)(α∨j ) = 0. For the second, let x2 ∈ Pic
0(E) be a k-point,
and consider the restriction L′x2 of L
′ to Pic0(E)× {x2}. Define σ : Pic
0(E)→ Pic0(E) by
σ(x1) = −x1 − 〈αi, α
∨
j 〉x2.
Then the diagram
Pic0(E) Pic0(E)
Y Y
σ
ix2 ix2
si
commutes, where ix2 is given by ix2(x1) = α
∨
i (x1) + α
∨
j (x2). So the isomorphism s
∗
iL → L gives an
isomorphism σ∗L′x2 → L
′
x2 acting as the identity on Pic
0(E)σ. But since k is algebraically closed,
〈αi, α∨j 〉x2 has a square root in E(k), so σ is a conjugate of [−1] by a translation. So we can apply
Lemma 3.2.7 to conclude that L′x2 = O. So L
′ is trivial as claimed.
To complete the proof of injectivity, we need to show that in fact L = OY . We prove by induction on
n ∈ Z>0 that for all i1, . . . , in ∈ {1, . . . , l}, the line bundle
L′ = (α∨i1 , . . . , α
∨
in)
∗L
on Pic0(E)n is trivial. We have shown this for n = 1 or 2. For n > 2, we write Pic0(E)n = Pic0(E)n−2×
Pic0(E) × Pic0(E), and observe that by induction, the restrictions of L′ to Pic0(E)n−2 × Pic0(E) ×
{OPic0(E)}, Pic
0(E)n−2×{OPic0(E)}×Pic
0(E) and {OPic0(E)}
n×Pic0(E)×Pic0(E) are all trivial. So L′
is trivial as claimed by the theorem of the cube. Setting n = l and {i1, . . . , in} = {1, . . . , l}, we conclude
that L is trivial, and hence that (3.2.1) is injective.
To prove surjectivity, we first claim that there is a homomorphism
φ : Sym2(X∗(T ))
∨ −→ Pic(Y )
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sending λ2 ∈ Sym2(X∗(T ))∨ to the line bundle
φ(λ2) = λ∗O(OPic0S(E))⊗ π
∗
Y O
∗
Pic0S(E)
O(−OPic0S(E))
for λ ∈ X∗(T ). By Lemma 3.2.8, it suffices to check that for all λ, µ, ν ∈ X∗(T ), we have
φ(λ2) = φ((−λ)2)
and
φ((λ + µ+ ν)2)⊗ φ((λ + µ)2)−1 ⊗ φ((λ + ν)2)−1 ⊗ φ((µ+ ν)2)−1 ⊗ φ(λ2)⊗ φ(µ2)⊗ φ(ν2) = OY .
Since it is clear that O∗Y φ(λ
2) = OS for every λ ∈ X∗(T ), it suffices to check these relations on every
geometric fibre over S. The first holds since [−1]∗O(OPic0S(E)) = O(OPic0S(E)) and the second holds by
the theorem of the cube, so the homomorphism φ is indeed well-defined. By construction, it is also clear
that Q(φ(P )) = P for all P ∈ Sym2(X∗(T ))∨.
Assume now that P ∈ Sym2(X∗(T ))W ⊆ Sym2(X∗(T ))∨ and L ∈ Pic(S). We need to find a good W -
linearised line bundle L′ on Y such that Q(L′) = P and O∗Y L
′ = L. Note that since the homomorphism φ
is W -equivariant by construction, the line bundle φ(P ) is W -invariant, so w∗φ(P ) ∼= φ(P ) for all w ∈W .
We can turn this into a W -linearisation by taking
w∗ : w∗φ(P )
∼
−→ φ(P )
to be the unique isomorphism acting as the identity on O∗Y φ(P ). We let L
′ = φ(P ) ⊗ π∗Y L. It is clear
that Q(L′) = P and O∗Y L
′ = L, so it remains to show that φ(P ), and hence L′, is good. By Lemma 3.2.6,
it suffices to show that for every simple coroot α∨i and every geometric point s : Spec k → S, we have
(α∨i )
∗φ(P )|Pic0(Es) = O(2d ·OPic0(Es))
for some d ∈ Z. But by construction, it is clear that
(α∨i )
∗φ(P )|Pic0(Es) = O(P (α
∨
i , α
∨
i ) ·OPic0(Es))
and P (α∨i , α
∨
i ) ∈ 2Z since P ∈ Sym
2(X∗(T )) ⊆ Sym2(X∗(T ))∨. So φ(P ) is good, and hence (3.2.1) is
surjective as claimed. 
Proposition 3.2.9 allows us to compute the Picard group Pic(BunG). In the statement below, we write
( | ) ∈ Sym2(X∗(T ))W for the normalised Killing form. This is the unique W -invariant symmetric bilinear
form on X∗(T ) satisfying (α∨|α∨) = 2 for α∨ a short coroot.
Corollary 3.2.10. The Picard group of BunG is
Pic(BunG) = Z[ΘBunG ]⊕ Pic(S),
where ΘBunG is the unique line bundle satisfying
ψ∗(ΘBunG)|B˜unssG
= Bl∗B,YΘY |B˜unssG
(3.2.2)
where ΘY is the unique good W -linearised line bundle on Y with Q(ΘY ) = ( | ) and O∗YΘY = OS .
Moreover, there is an isomorphism of graded OS-algebras⊕
d≥0
πBunG∗Θ
⊗d
BunG
=
⊕
d≥0
(πY ∗Θ
⊗d
Y )
W .
Proof. It is an elementary and well-known observation that since G is simply connected and simple, we
have Sym2(X∗(T ))W = Z( | ). So Proposition 3.2.9 gives
PicW (Y )good = Z[ΘY ]⊕ Pic(S),
and hence Theorem 3.1.4 gives
Pic(BunG) = Z[ΘBunG ]⊕ Pic(S),
where ΘBunG is the image of ΘY under the Chevalley isomorphism. The construction of the Chevalley
isomorphism shows that (3.2.2) is satisfied. Moreover, if L is any other line bundle on BunG satisfying
ψ∗L|
B˜un
ss
G
= Bl∗B,YΘY |B˜unssG
, then writing L as the image of a good W -linearised line bundle LY under
the Chevalley isomorphism, we must have LY ∼= ΘY as line bundles on Y by Proposition 3.1.19, and
hence as W -linearised ones. So (3.2.2) indeed characterises ΘBunG . Finally, the isomorphism of graded
algebras follows immediately from the fact that the Chevalley isomorphism is an equivalence of enriched
symmetric monoidal categories. 
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Remark 3.2.11. Of course, Corollary 3.2.10 also holds with BunG,rig in place of BunG, with the same
proof. We will denote the corresponding generator of Pic(BunG,rig) by ΘBunG,rig .
Remark 3.2.12. When S = Spec k, Corollary 3.2.10 shows that Pic(BunG) ∼= Z, recovering a special
case of a theorem of Y. Laszlo and C. Sorger [LS]. We remark that Laszlo and Sorger’s proof is very
different to ours: it uses the uniformisation of BunG by an affine Grassmannian, rather than our method
using the relation to the abelian variety Y .
We conclude by remarking on the ampleness of ΘY .
Proposition 3.2.13. The line bundle ΘY is ample relative to S.
Proof. Since Y → S is proper and flat, it suffices to prove that ΘY is ample on every geometric fibre. So
we can assume for the proof that S = Spec k for k an algebraically closed field.
Since Y is an abelian variety, Y is projective over k, so there exists some ample line bundle L on
Y . The ample line bundle L′ =
⊗
w∈W w
∗L is canonically W -linearised, and it is easy to see that the
W -linearisation on L′′ = (L′)⊗2 is therefore good. So L′′ is a good W -linearised ample line bundle on Y ,
and therefore a positive multiple of ΘY by Proposition 3.2.9. Hence ΘY is ample as claimed. 
3.3. The fundamental diagram. In this subsection, we apply Corollary 3.2.10 to construct the elliptic
Grothendieck-Springer resolution as a commutative diagram
B˜unG BunG
Θ−1Y /Gm (Ŷ //W )/Gm.
ψ
χ˜ χ (3.3.1)
We also list some easy properties of χ and χ˜, and give an explicit formula for the divisor χ˜−1(0Θ−1Y
).
By Corollary 3.2.10, there is a tautological Gm-equivariant morphism
Θ−1BunG −→ SpecS
⊕
d≥0
πBunG∗Θ
⊗d
BunG
∼= SpecS
⊕
d≥0
(πY ∗Θ
⊗d
Y )
W = Ŷ //W, (3.3.2)
where Ŷ is the cone over Y given by contracting the zero section of Θ−1Y to S. Deleting the zero section
of Θ−1BunG and taking the quotient of both sides of (3.3.2) by Gm therefore gives a morphism
χ : BunG −→ (Ŷ //W )/Gm.
Definition 3.3.1. The morphism χ above is called the coarse quotient map for BunG.
We next construct the morphism χ˜. By construction of the elliptic Chevalley isomorphism, if LY is a
good W -linearised line bundle on Y and LBunG is its image under the Chevalley isomorphism, then there
is a functorial isomorphism
γss : ψ∗LBunG |B˜unssG
∼
−→ Bl∗B,Y LY |B˜unssG
,
compatible with the isomorphisms πBunG∗LBunG
∼= (πY ∗LY )
W . We therefore have a rational map of line
bundles
γ : ψ∗LBunG Bl
∗
B,Y LY .
We prove at the end of this subsection (Corollary 3.3.8) that when LY = Θ
−1
Y , the rational map γ has
divisor of zeroes and poles ∑
λ∈X∗(T )+
1
2
(λ |λ)Dλ.
In particular, γ is in fact a morphism of line bundles, and so defines a morphism
χ˜ : B˜unG −→ Θ
−1
Y /Gm.
Corollary 3.3.2. The morphisms χ and χ˜ constructed above fit into a commutative diagram (3.3.1).
Proof. This follows immediately from the definitions and the functoriality of the isomorphism γss. 
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Remark 3.3.3. Since the elliptic Chevalley isomorphism also holds for the rigidified stack BunG,rig, the
same construction with BunG,rig in place of BunG gives a ridified version
B˜unG,rig BunG,rig
Θ−1Y /Gm (Ŷ //W )/Gm,
ψ
χ˜ χ (3.3.3)
of the diagram (3.3.1).
We remark that the coarse quotient map gives a GIT-style characterisation of semistable and unstable
G-bundles.
Proposition 3.3.4. Let ξG → Es be a G-bundle on a geometric fibre of E → S. Then ξG is unstable if
and only if χ(ξG) ∈ (Ŷs//W )/Gm is equal to the image of the cone point of Ŷs.
Proof. Write 0Ŷ ⊆ Ŷ for the family of cone points over S and q : Θ
−1
Y → Ŷ for the tautological morphism.
Since ΘY is ample, we have q
−1(Ŷ \0Ŷ ) = Θ
−1
Y \0Θ−1Y
, and by Corollary 3.3.8, we have χ˜−1(Θ−1Y \0Θ−1Y
) =
B˜un
ss
G . So
χ−1(((Ŷ \ 0Ŷ )//W )/Gm) = ψ(χ˜
−1((Θ−1Y \ 0Θ−1Y
)/Gm)) = ψ(B˜un
ss
G ) = Bun
ss
G ,
which proves the proposition. 
Proposition 3.3.5. The morphism χ˜ : B˜unG → Θ
−1
Y /Gm is flat, and all fibres of the morphism χ : BunG →
(Ŷ //W )/Gm have dimension −l = dim(BunG)− dim((Ŷ //W )/Gm).
Proof. To prove that χ˜ is flat, note that since γss : ψ∗Θ−1BunG |BunssG → Bl
∗
B,YΘ
−1
Y |BunssG is an isomor-
phism and BlB,Y is flat, we can apply [D, Lemma 4.5.7] to conclude that the morphism on total spaces
ψ∗Θ−1BunG → Θ
−1
Y is flat, and hence so is χ˜.
It remains to prove that the fibres of χ have dimension −l. Fix a geometric point x : Spec k →
(Ŷ //W )/Gm over s : Spec k → S and consider the fibre χ−1(x). We know by straightforward comparison
of dimensions that dimχ−1(x) ≥ −l, so it suffices to show that dimχ−1(x) ≤ −l. Since the morphism
p : Θ−1Y /Gm → (Ŷ //W )/Gm is finite away from the zero section and χ˜ is flat, if x is not the image of the
cone point 0Ŷs , then
dimχ−1(x) ≤ dimψ−1χ−1(x) = dim χ˜−1p−1(x) = −l
so we are done. On the other hand, if x is the image of the cone point, then χ−1(x) is a Gm-torsor over
the locus of unstable G-bundles on Es by Proposition 3.3.4. So
dimχ−1(x) = − codimBunG(Es) Bun
unstable
G (Es) + 1 = −l
by Proposition 2.3.11. 
Remark 3.3.6. In characteristic 0, it is a theorem of Looijenga [L, Theorem 3.4] that Ŷ //W is an affine
space bundle over S, and in particular regular; we will deduce this in arbitrary characteristic (Corollary
4.4.1) as a consequence of the Friedman-Morgan section theorem. Together with Proposition 3.3.5 and
[E, Theorem 18.16], this imples that the coarse quotient map χ is flat.
The rest of this subsection is devoted to proving the following theorem, and hence Corollary 3.3.8,
which was used above to construct the morphism χ˜.
Theorem 3.3.7. Let LBunG be a line bundle on BunG and let LY be the corresponding good W -linearised
line bundle on Y . Then the rational map of line bundles γ : ψ∗LBunG 99K Bl
∗
B,Y LY induced by the
isomorphism
γss : ψ∗(LBunG)|B˜unssG
∼
−→ Bl∗B,Y LY |B˜unssG
has divisor of zeroes and poles
−
∑
λ∈X∗(T )+
1
2
Q(LY )(λ, λ)Dλ.
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Corollary 3.3.8. When LBunG = Θ
−1
BunG
, the map γ of Theorem 3.3.7 is regular, and has divisor of
zeroes
div(γ) = χ˜−1(0Θ−1Y
) =
∑
λ∈X∗(T )+
1
2
(λ |λ)Dλ.
The key idea behind the proof of Theorem 3.3.7 is to reduce to the case of a specific choice of line
bundle LBunG that we can describe explicitly as the determinant of a perfect complex. The following
lemma plays an important role.
Lemma 3.3.9. Let X be an algebraic stack, let D ⊆ X be an effective Cartier divisor on X, let U = X\D,
and let i : D →֒ X denote the inclusion. If E is a perfect complex on D, then the rational map of line
bundles
g : OX = det 0 detRi∗E
induced by the quasi-isomorphism 0|U ∼= Ri∗E|U induces an isomorphism
OX(χ(E)D)
∼
−→ detRi∗E ,
where χ denotes the Euler characteristic of a perfect complex.
Proof. We need to show that the divisor of zeros and poles of g is χ(E)D. Since both are local on X and
additive in E under exact triangles, it suffices to check this when E = OD. In this case, an explicit free
resolution for Ri∗E is
Ri∗E = [OX(−D) −→ OX ],
which gives an isomorphism
OX ⊗OX(−D)
∨ ∼= detRi∗E .
The map g is given by
OX
∼
−→ OX(−D)⊗OX(−D)
∨ −→ OX ⊗OX(−D)
∨ = detRi∗E ,
which does indeed have divisor D = χ(E)D as claimed. 
Lemma 3.3.10. Let X be a smooth stack over S, let Z ⊆ X ×S E be a smooth substack of codimension
2 mapping isomorphically to a divisor D ⊆ X under the first projection prX : X ×S E → X, and let
f : C → X ×S E be the blowup along Z. If L is a line bundle on C such that L restricted to any
exceptional fibre of f has degree d, then the canonical rational map
detRprX∗Rf∗L detRprX∗ detRf∗L (3.3.4)
induced by the quasi-isomorphism Rf∗L|X×SE\Z ∼= detRf∗L|X×SE\Z has divisor
d(d+ 1)
2
D.
Proof. We first observe that if d = 0, then the claim is true since Rf∗L is a line bundle and hence (3.3.4)
is an isomorphism.
For a general line bundle L, write div(L) for the divisor of (3.3.4). Consider the exact sequence
0 −→ L(−Exc) −→ L −→ L|Exc −→ 0,
where Exc = f−1(Z) is the exceptional divisor. The morphism Rf∗L(−Exc)→ Rf∗L induces a commu-
tative diagram
detRprX∗Rf∗L(−Exc) detRprX∗Rf∗L
detRprX∗ detRf∗L(−Exc) detRprX∗ detRf∗L
g
∼
of rational maps of line bundles, where the bottom arrow is an isomorphism since Z has codimension 2.
We deduce that
div(L(−Exc)) = div(L) + div(g).
But div(g) = div(g′), where
g′ : OX det(RprX∗Rf∗L(−Exc))
−1 ⊗ detRprX∗Rf∗L = detRprX∗Rf∗(L|Exc)
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is the rational map induced by the quasi-isomorphism RprX∗Rf∗(L|Exc)|X\D ≃ 0. But RprX∗Rf∗(L|Exc)
is the pushforward from D of a perfect complex with Euler characteristic d + 1, so Lemma 3.3.9 gives
div(g′) = (d+ 1)D and hence
div(L(−Exc)) = div(L) + (d+ 1)D.
Since L(−Exc) has degree d+1 restricted to any exceptional fibre of f , the lemma now follows easily by
induction on the absolute value of d. 
The next lemma identifies the W -linearised line bundle on Y and quadratic form corresponding to a
determinant line bundle on BunG.
Lemma 3.3.11. Let V be a representation of G, and let LBunG = detRprBunG∗(ξ
uni
G ×
G V ), where
ξuniG → BunG×SE is the universal G-bundle, and prBunG : BunG×SE → BunG is the canonical projection.
Then the corresponding good W -linearised line bundle on Y is given by
LY =
⊗
λ∈X∗(T )
λ∗O(−OPic0S(E))
⊗ dimVλ ,
and hence
q(LY )(µ) = −
∑
λ∈X∗(T )
dimVλ〈λ, µ〉
2
for µ ∈ X∗(T ), where
V =
⊕
λ∈X∗(T )
Vλ
is the weight space decomposition of V under the action of T .
Proof. We have
ψ∗LBunG = detRprB˜unG∗((ψ
∗ξuniG )×
G V ) = detRpr
B˜unG∗
Rf∗f
∗((ψ∗ξuniG )×
G V )
where pr
B˜unG
: B˜unG ×S E → B˜unG is the first projection and f : B˜unG ×DegS(E) C → B˜unG ×S E is the
pullback of the universal prestable degeneration of E over B˜unG. Since the G-linearised vector bundle
V ⊗OF on the flag variety F = G/B has a G-equivariant filtration with associated quotients isomorphic
to Vλ ⊗ Lλ for λ ∈ X∗(T ), we get an isomorphism
ψ∗LBunG
∼=
⊗
λ∈X∗(T )
detRpr
B˜unG∗
Rf∗(Vλ ⊗ (ξT,C ×
T Zλ))
=
⊗
λ∈X∗(T )
(detRpr
B˜unG∗
Rf∗(ξT,C ×
T Zλ))
⊗ dimVλ ,
where ξT,C is the induced T -bundle on B˜unG ×DegS(E) C. So restricting to B˜un
ss
G gives
ψ∗LBunG |B˜unssG
=
⊗
λ∈X∗(T )
Bl∗B(detRprBun0T ∗(ξ
uni
T ×
T Zλ))
⊗ dimVλ |
B˜un
ss
G
, (3.3.5)
where ξuniT is the universal T -bundle on Bun
0
T ×SE and BlB : B˜unG → Bun
0
T is the blow down morphism.
Now, for all λ ∈ X∗(T ), we have
detRprBun0T ∗(ξ
uni
T ×
T Zλ) = λ
∗ detRprBun0
Gm
∗M,
where M is the universal line bundle on Bun0Gm ×S E. But
RprBun0
Gm
∗M = (R
1prBun0
Gm
∗M)[−1]
is the pushforward of a perfect complex of Euler characteristic −1 on the Cartier divisor OBun0
Gm
corre-
sponding to the trivial bundle, so by Lemma 3.3.9, we have
detRprBun0
Gm
∗M = O(−OBun0
Gm
) = q∗O(−OPic0S(E))
where q : Bun0Gm → Pic
0
S(E) is the canonical quotient by BGm. So (3.3.5) gives
ψ∗LBunG |B˜unssG
= Bl∗B,Y
⊗
λ∈X∗(T )
λ∗O(−OPic0S(E))
⊗ dimVλ |
B˜un
ss
G
from which the result follows immediately. 
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Proof of Theorem 3.3.7. We first remark that since the truth or falsehood of the statement is unchanged
if we raise LBunG to a nonzero power or tensor with a line bundle on S, by Corollary 3.2.10, it suffices
to prove the claim for any single LBunG with q(LY ) 6= 0. So choose any nontrivial representation V of G
and set
LBunG = detRprBunG∗(ξ
uni
G ×
G V ),
as in Lemma 3.3.11. Keeping the notation from that proof, since π
B˜un
ss
G
∗O = πY ∗OY = OS by Proposition
3.1.19 (1), the rational map γ must coincide up to rescaling by a nonvanishing function on S with the
rational map⊗
λ∈X∗(T )
(detRpr
B˜unG∗
Rf∗(ξT,C ×
T Zλ))
⊗ dimVλ 99K
⊗
λ∈X∗(T )
(detRpr
B˜unG∗
detRf∗(ξT,C ×
T Zλ))
⊗ dimVλ
(3.3.6)
given by the quasi-isomorphisms
detRf∗(ξT,C ×
T Zλ)|B˜unssG
∼= Rf∗(ξT,C ×
T Zλ)|B˜unssG
,
for λ ∈ X∗(T ), where we recall that Bl∗B(ξ
uni
T ×
T Zλ) = detRf∗(ξT,C ×T Zλ) by Lemma 2.1.13 and the
definition of BlB : B˜unG → Bun
0
T . To complete the proof, observe that
(B˜unG)
≤1 =
⋃
µ∈X∗(T )+
(B˜unG)
≤1
µ
where
(B˜unG)
≤1 = B˜unG ×DegS(E) DegS(E)
≤1 ⊆ B˜unG
is the open substack of points where the nodal domain curve C has at most 1 node, and for µ ∈ X∗(T )+,
(B˜unG)
≤1
µ ⊆ (B˜unG)
≤1 is the (open) union of B˜un
ss
G = Bun
0
B and the smooth locus D
◦
µ ⊆ Dµ. Since the
complement of (B˜unG)
≤1 in B˜unG has codimension 2, it suffices to show that for any µ ∈ X∗(T )+, the
restriction of (3.3.6) to (B˜unG)
≤1
µ has divisor
1
2
∑
λ∈X∗(T )
dim Vλ〈λ, µ〉
2Dµ.
By Lemma 3.3.10 and Proposition 2.1.7, the map
detRpr
(B˜unG)
≤1
µ ∗
Rf∗(ξT,C ×
T Zλ) detRpr(B˜unG)≤1µ ∗ detRf∗(ξT,C ×
T Zλ)
has divisor
〈λ, µ〉(〈λ, µ〉 + 1)
2
Dµ,
so taking the tensor product over all λ ∈ X∗(T ), we find that the restriction of (3.3.6) has divisor ∑
λ∈X∗(T )
dimVλ
2
〈λ, µ〉2 +
∑
λ∈X∗(T )
dimVλ
2
〈λ, µ〉
Dµ = 1
2
∑
λ∈X∗(T )
dimVλ〈λ, µ〉
2Dµ
as required, since ∑
λ∈X∗(T )
(dim Vλ)λ ∈ X
∗(T )W = {0}.

4. The Friedman-Morgan section theorem
We now turn to the problem of proving that the elliptic Grothendieck-Springer resolution (3.3.1) is
a simultaneous log resolution. As advertised in the introduction, we will deduce this from an elliptic
analogue of the Kostant and Steinberg section theorems.
The classical section theorems are proved by constructing subvarieties Z in g or G that are transverse
to all G-orbits and meet the set of regular nilpotent or unipotent elements in a single point, and showing
that these map isomorphically to the adjoint quotient. In stacky language, these subvarieties give smooth
charts Z → g/G or G/G that are miniversal deformations of the points corresponding to the regular
nilpotent or unipotent orbits.
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In the elliptic context, the role of regular nilpotent or unipotent elements is played by the regular
unstable bundles (Definition 4.2.4). However, since translations on the elliptic curve provide an extra
symmetry, we will work not with charts of BunG, but with the following slightly weaker objects.
Definition 4.0.1. Assume that E → S has a section OE : S → E. A slice of BunG (resp., BunG,rig) is
a morphism Z → BunG (resp., Z → BunG,rig) of stacks over S, such that the composition Z → BunG →
BunG/E (resp., Z → BunG,rig → BunG,rig/E) is smooth.
The outline of the section is as follows. In §4.1 we review a parabolic induction construction for slices
of BunG,rig (the idea of which is due to Friedman and Morgan [FM2]), and show how in many cases it
leads to the extra structure of an equivariant slice (Definition 4.1.9). In §4.2, we recall the definition
of regular unstable G-bundles, and show how to use Atiyah’s classification of stable vector bundles E
together with parabolic induction to construct equivariant slices through them. In §4.3, we state and
prove the Friedman-Morgan section theorem. Finally, in §4.4, we give the proof of the simultaneous
log resolution property for the elliptic Grothendieck-Springer resolution, which completes the proof of
Theorem 1.0.1.
In this section, the ordinary stack of G-bundles BunG takes a back seat, while the rigidified stack
BunG,rig takes centre stage. The reason for this is that the theory of slices (especially of equivariant
slice constructed by parabolic induction) is somewhat better behaved for BunG,rig than for BunG (see
for example Remarks 4.1.5 and 4.3.1).
Throughout this section, we will assume unless otherwise specified that the elliptic curve E → S has
a given section OE : S → E and endow E with its natural group scheme structure over S for which OE
is the identity.
4.1. Parabolic induction and equivariant slices. If L ⊆ G is a Levi subgroup and Z0 → Bun
ss
L,rig
is a slice (i.e., a morphism such that Z0 → Bun
ss
L,rig/E is smooth), then there is a simple procedure
due to Friedman and Morgan for constructing an induced slice Z = IndGL (Z0) → BunG,rig. In this
subsection, we review the definition and properties of this construction. We also show how in many
cases, it produces slices Z → BunG,rig such that the morphism Z → (Ŷ //W )/Gm lifts to an equivariant
morphism Z → Ŷ //W .
Definition 4.1.1. Let L ⊆ G be a Levi subgroup, let µ ∈ X∗(Z(L)◦)Q and let P ⊆ G be the unique
parabolic subgroup with Levi factor L such that −µ is a Harder-Narasimhan vector for P in the sense
of Definition 2.3.4. If Z0 → Bun
ss,µ
L,rig is a morphism of stacks, the parabolic induction of Z0 to G is the
morphism
IndGL (Z) = BunP,rig ×BunL,rig Z −→ BunG,rig.
Remark 4.1.2. In the situation of Definition 4.1.1, if the morphism Z0 → BunL,rig factors through
BunL, then we have an isomorphism Ind
G
L (Z0)
∼= BunP×BunLZ0, and hence a factorisation of Ind
G
L (Z0)→
BunG,rig as Ind
G
L(Z0)→ BunG → BunG,rig.
In the following proposition, we do not assume that E → S has a section.
Proposition 4.1.3. Assume that the morphism Z0 → Bun
ss,µ
L,rig is smooth. Then so is the morphism
IndGL (Z0)→ BunG,rig.
Proof. Since Z0 → Bun
ss,µ
L,rig is smooth, so is the morphism Ind
G
L (Z) → Bun
ss,µ
P,rig. So it suffices to show
that the morphism Bunss,µP,rig → BunG,rig is smooth. By flat descent for smoothness, this is equivalent to
showing that Bunss,µP → BunG is smooth. The relative tangent complex is
T = RprBunss,µP ∗(ξ
uni
P ×
P g/p),
where g = Lie(G), p = Lie(P ) and ξuniP → Bun
ss,µ
P ×S E is the universal P -bundle. But since −µ
is a Harder-Narasimhan vector for P , the vector bundle ξuniP ×
P g/p has a filtration whose successive
quotients are semistable of positive slope on every fibre of Bunss,µP ×S E → Bun
ss,µ
P . So T is a vector
bundle concentrated in degree 0 (e.g., by [D, Lemma 2.6.3]), which proves the claim. 
Corollary 4.1.4. Assume that Z0 → Bun
ss,µ
L,rig is a slice. Then Ind
G
L (Z0)→ BunG,rig is a slice.
Proof. Apply Proposition 4.1.3 to the family E′ := S → BSE =: S′, observing that BunG,rig/E =
BunG/S′(E
′)rig. 
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A key feature of the parabolic induction construction is the existence of a natural action of the group
Z(L)rig = Z(L)/Z(G) on Ind
G
L (Z0). Note that unlike Z(L), Z(L)rig is always a torus, with cocharacter
lattice ⊕
αi∈t(P )
Z̟∨i
if L is the Levi factor of a standard parabolic subgroup P .
In general, suppose that X is a stack equipped with an action a : X×BH → X of the classifying stack
of some commutative group scheme H . Then for any morphism of stacks π : X ′ → X , there is a canonical
action of H on X ′ over X fitting into a commutative diagram
X ′ X ′/H X ′
X X × BH X,a
(4.1.1)
in which both squares are Cartesian, where the morphism X → X × BH is the quotient by the trivial
action of H on X . Explicitly, this action can be realised by using the outer square of (4.1.1) to identify
X ′ with the stack of tuples (x′ ∈ X ′, x ∈ X,φ : x
∼
→ π(x′)) and setting (x′, x, φ) · h = (x′, x, φ ◦ a(h)) for
h ∈ H .
Now suppose we are in the situation of Definition 4.1.1. Applying the above construction to the action
of BZ(L)rig on BunL,rig inherited from the action of BZ(L) on BunL gives an action of Z(L)rig on
BunP,rig over BunL,rig and a morphism BunP,rig/Z(L)rig → BunP,rig → BunG,rig. Pulling back along
Z0 → BunL,rig, we get an action of Z(L)rig on Ind
G
L (Z0) over Z0 and a morphism Ind
G
L (Z)/Z(L)rig →
BunG,rig.
Remark 4.1.5. If the morphism Z0 → Bun
ss,µ
L,rig factors through Bun
ss,µ
L , then the BZ(L)-action on
BunL gives a morphism Ind
G
L (Z0)/Z(L)→ BunG and a Cartesian diagram
IndGL (Z0)/Z(L) BunG
IndGL (Z0)/Z(L)rig BunG,rig.
Note that IndGL(Z0)/Z(L) → BunG factors through Ind
G
L (Z0)/Z(L)rig if and only if the left hand mor-
phism above admits a section, which holds if and only if Z(L) = Z(G)× Z(L)rig.
The following proposition describes the structure of the natural morphism IndGL (Z0) → Z0 together
with the Z(L)rig-action constructed above.
Proposition 4.1.6 (cf. [FM2, Corollary 4.2.4]). Assume we are in the setup of Definition 4.1.1. If Z0
is an affine scheme, then there exists a (non-canonical) Z(L)rig-equivariant isomorphism of stacks over
Z0,
IndGL (Z0)
∼= R1prZ0∗(ξL/Z(G) ×
L/Z(G) u),
where ξL/Z(G) → Z0×SE is the L/Z(G)-bundle classified by the morphism Z0 → BunL,rig → BunL/Z(G),
u is the Lie algebra of the unipotent radical Ru(P ), and Z(L)rig acts on u by right conjugation. Hence,
for any Z0 (not necessarily affine), the morphism Ind
G
L (Z0) → Z0 is always an affine space bundle with
fibrewise linear Z(L)rig-action.
Proof. Let ξuniL/Z(G) → BunL,rig ×S E be the L/Z(G)-bundle classified by the morphism BunL,rig →
BunL/Z(G), and let U
uni = ξuniL/Z(G) ×
L/Z(G) Ru(P ). It follows directly from the construction that the
BZ(L)rig-action induces the right conjugation action (x, u)·g = (x, g−1ug) of Z(L)rig on the group scheme
Uuni. Letting U = ξL/Z(G) ×
L/Z(G) Ru(P ), it follows that the action of Z(L)rig on Ind
G
L (Z0) = BunU/Z0
is also given by right conjugation.
Let 0 < µ1 < · · · < µn be the possible positive values of 〈α,−µ〉 for α ∈ Φ, and let
{1} = Un+1 ⊆ Un ⊆ · · · ⊆ U1 = Ru(P )
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be the filtration defined by
Ui =
∏
α∈Φ
〈α,−µ〉≥µi
Uα
for 1 ≤ i ≤ n+ 1. Letting
Ui = ξL/Z(G) ×
L/Z(G) Ui ⊆ U ,
we show by induction on i that each Bun(U/Ui)/Z0(E) is Z(L)rig-equivariantly isomorphic to the vector
bundle
R1prZ0∗(ξL/Z(G) ×
L/Z(G) u/ui) =
⊕
j≤i
R1prZ0∗(ξL/Z(G) ×
L/Z(G) uj−1/uj),
where ui is the Lie algebra of Ru(P )i.
For i = 1, the claim is trivial. For i > 1, the long exact sequence in nonabelian cohomology (e.g,
[D, Proposition 2.4.2]) implies that each morphism
Bun(U/Ui)/Z0(E) −→ Bun(U/Ui−1)/Z0 (E)
is a Z(L)rig-equivariant Bun(Ui−1/Ui)/Z0 (E)-torsor. But Ui−1/Ui
∼= ui−1/ui as L/Z(G)-equivariant group
schemes. So
Bun(Ui−1/Ui)/Z0(E)
∼= Bun(ξL/Z(G)×L/Z(G)ui−1/ui)/Z0 (E) = R
1prZ0∗(ξL/Z(G) ×
L/Z(G) ui−1/ui)
since
H0(Es, ξL/Z(G),z ×
L/Z(G) ui−1/ui) = 0
for any geometric point z : Spec k → Z over s : Spec k → S, as this is the space of global sections of an
iterated extension of semistable vector bundles of negative degree. By induction, Vi = Bun(U/Ui−1)/Z0(E)
is a vector bundle on Z0 with linear Z(L)rig-action, so the Z(L)rig-equivariant torsors on it are classified
by the group
H1(Vi/Z(L)rig, R
1prZ0∗(ξL/Z(L) ×
L/Z(L) ui−1/ui))
= H1(BZ(L)rig, H
0(Vi,OVi)⊗H0(Z0,OZ0) H
1(E, ξL/Z(L) ×
L/Z(L) ui−1/ui))
= 0
since Z(L)rig is a torus and Z0 is affine. So we can trivialise the given torsor Z(L)rig-equivariantly, to
give a Z(L)rig-equivariant isomorphism
Bun(U/Ui)/Z0(E)
∼= Bun(U/Ui−1)/Z0 (E)×Z0 R
1prZ∗(ξL/Z(G) ×
L/Z(G) ui−1/ui)
∼=
⊕
j≤i
R1prZ0∗(ξL/Z(G) ×
L/Z(G) uj−1/uj),
as claimed. 
The next two propositions give root-theoretic formulas for the Z(L)rig-weights and dimension of the
affine space bundle IndGL (Z0)→ Z.
Proposition 4.1.7. If λ ∈ X∗(Z(L)rig), then the multiplicity of the weight λ in a fibre of Ind
G
L (Z0)→ Z0
is d−λ〈λ, µ〉, if 〈λ, µ〉 > 0 and 0 otherwise, where d−λ is the number of α ∈ Φ such that α|Z(L)rig = −λ.
Proof. By Proposition 4.1.6, the multiplicity of λ in IndGL (Z0) is equal to the multiplicity in H
1(Es, ξL×L
u), where Es is any geometric fibre of E → S, ξL → Es is a semistable L-bundle of slope µ, and Z(L)rig
acts by right conjugation on u. But this is equal to the dimension of H1(Es, ξL ×L u−λ), where
u−λ =

⊕
α∈Φ
α|Z(L)rig=−λ
gα, if 〈λ, µ〉 > 0,
0, otherwise,
is the λ-weight space of Z(L)rig acting on u by right conjugation. But since ξL ×L u−λ is either 0 or a
semistable vector bundle of negative slope −〈λ, µ〉, it follows that
dimH1(ξL ×
L u−λ) = − deg(ξL ×
L u−λ) =
{
d−λ〈λ, µ〉, if 〈λ, µ〉 > 0,
0, otherwise,
which proves the claim. 
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Proposition 4.1.8. The morphism IndGL(Z0)→ Z0 has relative dimension 〈2ρP , µ〉, where −2ρP is the
sum of all roots α ∈ Φ such that Uα ⊆ Ru(P ).
Proof. This follows from Proposition 4.1.7 after taking the sum over all λ. 
Our key original observation about parabolic induction is that, in many cases, the Z(L)rig-action on
IndGL (Z0) can be promoted to the following structure.
Definition 4.1.9. Let H be a torus, and let λ ∈ X∗(H) be a nonzero character. An equivariant slice of
BunG,rig with equivariance group H and weight λ is a commutative diagram
Z/H BunG,rig
BH BGm
Θ−1BunG,rig
λ
where Z is a stack with H-action over S, such that the composition Z → Z/H → BunG,rig → BunG,rig/E
is smooth. We will often suppress the group H from the notation and refer to Z → BunG,rig, or even
simply Z, as an equivariant slice.
Remark 4.1.10. Unpacking the stacky formalism, the datum of an equivariant slice Z/H → BunG,rig
of weight λ is equivalent to the datum of an H-equivariant morphism
Z −→ (Θ−1BunG,rig )
∗, (4.1.2)
where H acts on the complement (Θ−1BunG,rig )
∗ of the zero section of Θ−1BunG,rig through the character
λ : H → Gm. Together with the rigidified elliptic Grothendieck-Springer resolution (3.3.3), this gives an
H-equivariant commutative diagram
Z˜ Z
Θ−1Y Ŷ //W,
ψZ
χ˜Z χZ
where Z˜ = Z ×BunG,rig B˜unG,rig and H acts on Θ
−1
Y and Ŷ //W via the character λ.
Definition 4.1.11. Let L ⊆ G be a Levi subgroup and µ ∈ X∗(Z(L)◦)Q. A Θ-trivial slice of Bun
ss,µ
L,rig
is a slice Z0 → Bun
ss,µ
L,rig equipped with a trivialisation of the pullback ΘBunss,µL,rig of the theta bundle
ΘBunG,rig .
Proposition 4.1.12. Let Z0 → Bun
ss,µ
L,rig be a Θ-trivial slice. Then there is a natural equivariant slice
structure on IndGL (Z0)→ BunG,rig with equivariance group Z(L)rig and weight (µ | −).
The main ingredient in the proof of Proposition 4.1.12 is a computation of the action of Z(L)rig on
the pullback of the theta bundle to Z0. Before we give this computation, it will be useful to introduce
the following terminology.
Definition 4.1.13. Let X be a connected stack equipped with an action a : X × BH → X of the
classifying stack of a commutative group scheme H . If L is a line bundle on X , then weight of L is the
image of L ∈ Pic(X) under the homomorphism
Pic(X)
a∗
−→ Pic(X × BH) ∼= Pic(X)⊕ X∗(H) −→ X∗(H),
where the isomorphism above is given by
Pic(X)⊕ X∗(H) −→ Pic(X × BH)
(L, λ) 7−→ p∗L ⊗ q∗(ηH ×
H Zλ)
for ηH → BH the universal H-torsor and p : X × BH → X , q : X × BH → BH the natural projections.
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Remark 4.1.14. It follows tautologically from the definition that whenever f : X → BGm classifies a
line bundle L with weight λ, the diagram
X × BH X
BGm × BGm BGm
(f,λ) f
commutes, where the bottom arrow is given by tensor product of line bundles.
Proposition 4.1.15. With respect to the natural BZ(L)rig-action, the weight of the pullback ΘBunss,µL,rig
of ΘBunG,rig to Bun
ss,µ
L,rig is given by
(−µ | −) ∈ Hom(X∗(Z(L)rig),Z) = X
∗(Z(L)rig).
Proof. We will in fact show that for any L ∈ Pic(BunG,rig), the pullback of L to Bun
ss,µ
L,rig has weight
−Q(L)(µ,−), where Q(L) is the quadratic class of the corresponding W -linearised line bundle on Y .
Since this statement is invariant under tensoring L with a line bundle on the base stack S and raising L
to a nonzero power, by Corollary 3.2.10, it suffices to show this for a single nontrivial line bundle L.
Choose any nontrivial representation V of G/Z(G), and set
L = detRprBunG,rig∗(ξG/Z(G) ×
G/Z(G) V ),
where ξG/Z(G) → BunG,rig×SE is the G/Z(G)-bundle classified by the morphism BunG,rig → BunG/Z(G).
Then the pullback of L to Bunss,µL,rig is the line bundle
LBunss,µL,rig = detRprBunss,µL,rig∗(ξL/Z(G) ×
L/Z(G) V )
=
⊗
λ∈X∗(Z(L)rig)
detRprBunss,µL,rig∗(ξL/Z(G) ×
L/Z(G) Vλ),
where ξL/Z(G) → BunL,rig ×S E is the L/Z(G)-bundle classified by the natural morphism BunL,rig →
BunL/Z(G), and V =
⊕
λ∈X∗(Z(L)rig)
Vλ is the weight space decomposition of V under the action of the
torus Z(L)rig = Z(L/Z(G)). Pulling back along the action morphism a : Bun
ss,µ
L,rig×BZ(L)rig → Bun
ss,µ
L,rig,
we get
a∗RprBunss,µL,rig∗(ξL/Z(G) ×
L/Z(G) Vλ)
= RprBunss,µL,rig×BZ(L)rig∗((p
∗ξL/Z(G) ⊗ q
∗ηZ(L)rig )×
L/Z(G) Vλ)
= RprBunss,µL,rig×BZ(L)rig∗(p
∗(ξL/Z(G) ×
L/Z(G) Vλ)⊗ q
∗λ(ηZ(L)rig ))
= p¯∗(RprBunss,µL,rig∗(ξL/Z(G) ×
L/Z(G) Vλ))⊗ q¯
∗λ(ηZ(L)rig )
where p¯ : Bunss,µL,rig × BZ(L)rig → Bun
ss,µ
L,rig and q¯ : Bun
ss,µ
L,rig × BZ(L)rig → BZ(L)rig are the natural
projections, p and q are their respective compositions with the projection (Bunss,µL,rig ×BZ(L)rig)×S E →
Bunss,µL,rig × BZ(L)rig, and ηZ(L)rig is the universal Z(L)rig-bundle on BZ(L)rig. So the weight of the
determinant LBunss,µL,rig is therefore∑
λ∈X∗(Z(L)rig)
χ(RprBunss,µL,rig∗(ξL/Z(G) ×
L/Z(G) Vλ))λ =
∑
λ∈X∗(Z(L)rig)
dimVλ〈λ, µ〉λ
= −Q(L)(µ,−)
as claimed, where the last equality follows from Lemma 3.3.11. 
Proof of Proposition 4.1.12. Since IndGL (Z0) → BunG,rig is a slice by Proposition 4.1.3, we just need to
construct an isomorphism of the pullback of Θ−1BunG,rig to Ind
G
L (Z0)/Z(L)rig with the line bundle classified
by
IndGL (Z0)/Z(L)rig −→ BZ(L)rig
(µ | −)
−−−−→ BGm.
Since IndGL(Z0)/Z(L)rig → Z0 ×BZ(L)rig is an affine space bundle by Proposition 4.1.6, the pullback of
Θ−1BunG,rig to Ind
G
L (Z0)/Z(L)rig is canonically isomorphic to the pullback of its restriction Θ
−1
Z0×BZ(L)rig
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to the zero section Z0 × BZ(L)rig, i.e., of the pullback of Θ
−1
BunG,rig
along the morphism
Z0 × BZ(L)rig −→ Bun
ss,µ
L,rig −→ BunG,rig.
Since the first morphism above is BZ(L)rig-equivariant, Proposition 4.1.15 implies that Θ
−1
Z0×BZ(L)rig
has
weight (µ | −). But the trivialisation of the pullback to Z0 identifies Θ
−1
Z0×BZ(L)rig
with the pullback of a
line bundle on BZ(L)rig, which must be associated to the character (µ | −), so we are done. 
4.2. Regular unstable bundles. In this subsection, we briefly review the theory of regular unstable
bundles, and use Atiyah’s classification of stable vector bundles to describe their moduli stacks.
Definition 4.2.1. Let αi ∈ ∆ be a simple root. We say that αi is special if αi is a long root, the
connected components of the Dynkin diagram of ∆ \ {αi} are all of type A, and αi meets each such
component at an end vertex. We call a principal bundle ξP for a parabolic subgroup P ⊆ G special if P
is the standard maximal parabolic of type {αi} with αi ∈ ∆ special, and ξP has slope −̟∨i /〈̟i, ̟
∨
i 〉.
Remark 4.2.2. If G is of type A, then every simple root is special. Otherwise, there is a unique special
root αi ∈ ∆.
Proposition 4.2.3. Let ξG → Es be an unstable G-bundle on a geometric fibre of E → S. The following
are equivalent.
(1) The Harder-Narasimhan reduction of ξG is special.
(2) dimAut(ξG) = l + 2.
(3) dimAut(ξG) ≤ l + 2.
(4) The Harder-Narasimhan locus of ξG has codimension l + 1.
(5) The Harder-Narasimhan locus of ξG has codimension ≤ l + 1.
Proof. This is [D, Proposition 5.4.2]. 
Definition 4.2.4. Let ξG → Es be an unstable G-bundle on a geometric fibre of E → S. We say that
ξG is regular if it satisfies the equivalent conditions of Proposition 4.2.3.
The Levi subgroups associated to special roots have a very simple structure. In the following propo-
sition, we let αi ∈ ∆ be a special root and L the Levi factor of the standard parabolic subgroup P ⊆ G
of type t(P ) = {αi}. We write π0 = π0(∆ \ {αi}) for the set of connected components of the Dynkin
diagram of L; since αi is special, each component c is of type Anc for some nc ≥ 1.
Proposition 4.2.5. In the setup above, there is an isomorphism
L ∼=
{
((Ac)c∈π0 , λ) ∈
∏
c∈π0
GLnc+1 ×Gm
∣∣∣∣∣ detAc = λ
}
(4.2.1)
such that the character ̟i of L is given by (4.2.1) composed with the projection to Gm.
Proof. This is a restatement of [FM2, Lemma 3.2.1]. 
Next, we state a version of Atiyah’s classification [A] of stable vector bundles on an elliptic curve,
adapted to our context.
Theorem 4.2.6. Let r > 0 and d be coprime integers. Then the determinant morphism
det : Bunss,dGLr −→ Pic
d
S(E) (4.2.2)
from the stack of semistable vector bundles on E of rank r and degree d to the Picard variety of degree d
line bundles on E is a Gm-gerbe, where BGm acts on Bun
ss,d
GLr
through the centre Gm = Z(GLr) in the
usual way. If E → S has a section, then the gerbe (4.2.2) is trivial.
Theorem 4.2.6 is a straightforward refinement of Atiyah’s classification of indecomposable vector bun-
dles on an elliptic curve, taking automorphism groups into account. For a proof, see [D, Theorem 5.3.2].
Combining Proposition 4.2.5 and Theorem 4.2.6 gives the following description of the stack of semistable
L-bundles when L is the Levi subgroup attached to a special root.
Proposition 4.2.7. Assume that E → S has a section OE : S → E, fix a special root αi ∈ ∆ and
let µ = −̟∨i /〈̟i, ̟
∨
i 〉. Then ̟i : Bun
ss,µ
L,rig → Pic
−1
S (E) is a Z(L)rig-gerbe, and there exists a unique
section S → Bunss,µL,rig lifting the section OE : S → E
∼= Pic−1S (E) such that the pullback of the theta
bundle ΘBunG,rig to S is trivial.
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Proof. By Proposition 4.2.5, we have a Cartesian diagram
Bunss,µL
∏
c∈π0
Bunss,−1GLnc+1
Bun−1Gm
∏
c∈π0
Bun−1Gm ,
̟i det
where the products denote iterated fibre products over S, and the bottom morphism is the diagonal.
Since Bunss,−1GLnc+1 → Pic
−1
S (E) and Bun
−1
Gm
→ Pic−1S (E) are a Gm = Z(GLnc+1)-gerbe and a Gm-gerbe
respectively by Theorem 4.2.6, it follows that Bunss,µL → Pic
−1
S (E) is a Z(L) = Gm×
∏
c Gm
∏
c Z(GLnc+1)-
gerbe, and hence that Bunss,µL,rig → Pic
−1
S (E) is a Z(L)rig-gerbe as claimed.
To construct the section S → Bunss,µL,rig, note that since (−µ |−) : Z(L)rig → Gm is an isomorphism,
the pullback of the theta bundle defines a BZ(L)rig-equivariant morphism
S ×Pic−1S (E)
Bunss,µL,rig −→ BGm
∼= BZ(L)rig
by Proposition 4.1.15. Since the source is a Z(L)rig = Gm-gerbe over S, it follows that there is a unique
section such that the pullback of ΘBunG,rig is trivial as claimed. 
4.3. The Friedman-Morgan section theorem. In this subsection, we state and prove our refinement
of Friedman and Morgan’s section theorem [FM2, Theorem 5.1.1]. This theorem, and certain elements
of its proof, are the main ingredients in the proof that the elliptic Grothendieck-Springer resolution is a
simultaneous log resolution.
Fix a special root αi ∈ ∆, let µ = −̟∨i /〈̟i, ̟
∨
i 〉, and assume that E → S has a section OE . Then the
composition of the section S → Bunss,µL,rig of Proposition 4.2.7 with Bun
ss,µ
L,rig → Bun
ss,µ
L,rig/E is a section
of a Z(L)rig = Gm-gerbe, and is hence smooth. Since the pullback of the theta bundle to S is trivial,
Z → BunG,rig is an equivariant slice with equivariance group Z(L)rig and weight (µ | −) by Proposition
4.1.12. Identifying Z(L)rig with Gm via the isomorphism
(µ | −) : Z(L)rig
∼
−→ Gm,
we therefore have a Gm-equivariant commutative diagram
Z˜ Z
Θ−1Y Ŷ //W
χ˜Z χZ
as in Remark 4.1.10, where Z˜ = Z ×BunG,rig B˜unG,rig.
Remark 4.3.1. Note that if the section S → Bunss,µL,rig factors through Bun
ss,µ
L , then the slice Z con-
structed above factors through a morphism Z → BunG. However, even when this happens, this morphism
will not necessarily be a slice unless S × Z(L) → S is smooth, i.e., unless S → SpecZ avoids all primes
at which Z(L) is non-reduced.
Theorem 4.3.2 (Friedman-Morgan section theorem). In the setup above, the morphisms
χZ : Z −→ Ŷ //W and χ˜Z : Z˜ −→ Θ
−1
Y
are Gm-equivariant isomorphisms. In particular, the rigidified coarse quotient map
χ : BunG,rig −→ (Ŷ //W )/Gm
admits a section.
The strategy of our proof is somewhat different to Friedman and Morgan’s, and relies heavily on a
computation of the pullback Z˜ of the elliptic Grothendieck-Springer resolution to the slice Z.
For future reference, we make a note of the dimension of Z over S.
Lemma 4.3.3. The morphism Z → S is an affine space bundle of relative dimension l + 1.
Proof. This follows immediately from Propositions 4.1.6 and 4.1.8, and [FM2, Lemma 3.3.2]. 
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For λ ∈ X∗(T )+, write Dλ(Z) = Z˜ ×B˜unG,rig Dλ. The first step in the proof of Theorem 4.3.2 is to
identify those Dλ(Z) ⊆ Z˜ that are nonempty.
Lemma 4.3.4. Assume λ ∈ X∗(T )+ and λ 6= α∨i . Then Dλ(Z) = ∅.
Proof. Assume for a contradiction that there exists λ ∈ X∗(T )+ with λ 6= α∨i and Dλ(Z) 6= ∅. Since
λ 6= α∨i , there exists αj ∈ ∆ such that 〈̟j , λ〉 > 0 and
µ′ = −
〈̟j , λ〉
〈̟j, ̟∨j 〉
̟∨j 6= µ.
Since Dλ(Z) 6= ∅, it follows that Z ×BunG,rig Bun
−λ
B,rig, and hence Z ×BunG,rig Bun
µ′
Pj ,rig
, is nonempty,
where Pj is the standard maximal parabolic of type {αj}. We claim that −〈2ρ, µ′〉 ≤ l. This contradicts
[FM2, Lemma 3.3.2], and so proves the lemma.
To prove the claim, note that since Z → BunG,rig/E is smooth, the preimage Z ×BunG,rig Bun
ss,µ′
Pj ,rig
of
Bunss,µ
′
Pj ,rig
/E under the morphism
Z ×BunG,rig Bun
µ′
Pj ,rig
−→ Bunµ
′
Pj ,rig
/E
is dense, hence nonempty. Since (Pj , µ
′) 6= (P, µ), where P is the standard parabolic of type {αi}, by
uniqueness of Harder-Narasimhan reductions, the Z(L)rig-invariant locally closed substack Z ×BunG,rig
Bunss,µ
′
Pj ,rig
⊆ Z is disjoint from the Z(L)rig-fixed locus S ⊆ Z. So Z ×BunG,rig Bun
µ′
Pj ,rig
→ S is therefore
flat of relative dimension at least 1, and hence has codimension at most
dimS Z − 1 = −〈2ρP , µ〉 − 1 = l
by Lemma 4.3.3. But this codimension is equal to the codimension−〈2ρ, µ′〉 of Bunss,µ
′
Pj ,rig
/E in BunG,rig/E,
so we have
−〈2ρ, µ′〉 ≤ l,
as claimed. 
Lemma 4.3.5. The morphism Dα∨i (Z)→ Y is representable and e´tale.
Proof. First note that Lemma 4.3.4 implies that no point of Z˜ can have nontrivial automorphism group
relative to Z, so Z˜ → Z is projective. So Z˜ and its closed substack Dα∨i (Z) are representable over S, so
Dα∨i (Z)→ Y is representable as claimed.
For e´taleness, note that the morphism
Z˜ −→ B˜unG,rig/E −→ (Y ×S DegS(E))/E ∼= Y ×S DegS(E)/E
is smooth since Z → BunG,rig is a slice. Since the boundary divisor D ⊆ DegS(E) is a reduced divisor
with normal crossings relative to S, the closed substack Dα∨i (Z) = Z˜ ×Y×SDegS(E)/E (Y ×S (D/E))
is a reduced divisor with normal crossings relative to Y . Since Z˜ → Y has relative dimension 1, the
irreducible components of Dα∨i (Z) are therefore disjoint and smooth of relative dimension 0, hence e´tale,
over Y . 
In the following lemmas, for 1 ≤ r ≤ n, we write
Qnr = {(ap,q)1≤p,q≤n ∈ GLn | ap,q = 0 if p < min(q, r)} ⊆ GLn,
and T nr = Q
n
r /[Q
n
r , Q
n
r ]
∼= Grm. For 1 ≤ i ≤ n, we write ei ∈ X
∗(T nn ) for the character sending a
diagonal matrix to its ith entry, and we write {e∗1, . . . , e
∗
n} ⊆ X∗(T
n
n ) for the basis dual to {e1, . . . , en}. If
λ ∈ X∗(T nn ), we will also write λ for its image in X∗(T
n
r ). Finally, for λ ∈ X∗(T ) (resp., λ ∈ X∗(T
n
r )), we
write Y λ ⊆ Hom(X∗(T ),PicS(E)) (resp., Y λQnr ) for the rigidification of Bun
λ
T (resp., Bun
λ
Tnr
) with respect
to T (resp., T nr ).
Lemma 4.3.6. There is an isomorphism
Bun
−α∨i
L∩B ×BunµL Bun
ss,µ
L
∼
−→ Y −α
∨
i ×Pic−1S (E)
Bunss,µL
and hence an isomorphism
Bun
−α∨i
L∩B,rig ×BunµL,rig Bun
ss,µ
L,rig
∼
−→ Y −α
∨
i ×Pic−1S (E)
Bunss,µL,rig
sending an L ∩B-bundle to its associated T -bundle and L-bundle.
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Proof. Using the isomorphism of Proposition 4.2.5, the claim reduces easily to Lemma 4.3.7 below. 
Lemma 4.3.7. Let n > 0 and 1 ≤ r ≤ n. Then the morphism
Bun
−e∗n
Qnr
×Bun−1GLn
Bunss,−1GLn −→ Y
−e∗n
Qnr
×Pic−1S (E)
Bunss,−1GLn (4.3.1)
is an isomorphism, where the morphisms Y
−e∗n
Qnr
→ Pic−1S (E) and Bun
ss,−1
GLn
→ Pic−1S (E) are both given by
the determinant.
Proof. For the sake of brevity, we will write
(Bun
−e∗n
Qnr
)ss = Bun
−e∗n
Qnr
×Bun−1GLn
Bunss,−1GLn .
We prove the claim by induction on r. For r = 1, the claim is true since Qn1 = GLn and Y
−e∗n
Qn1
=
Pic−1S (E).
Next, suppose that r = 2. In this case, we construct an inverse to (4.3.1) as follows. Let V →
Y
−e∗n
Qn2
×Pic−1S (E)
Bunss,−1GLn ×S E be the pullback of the universal vector bundle on Bun
ss,−1
GLn
×S E and
let Me1 → Y
−e∗n
Qn2
×Pic−1S (E)
Bunss,−1GLn ×S E be the pullback of the degree 0 line bundle on Y
−e∗n
Qn2
×S E
associated to the character e1. Writing p : Y
−e∗n
Qn2
×Pic−1S (E)
Bunss,−1GLn ×S E → Y
−e∗n
Qn2
×Pic−1S (E)
Bunss,−1GLn for
the projection to the first two factors, we have that N = p∗(Me1 ⊗ V
∨) is a line bundle since Me1 ⊗ V
∨
is a family of semistable vector bundles of degree 1. By semistability of V , we therefore have a natural
exact sequence
0 −→ V ′ −→ V −→Me1 ⊗ p
∗N−1 −→ 0, (4.3.2)
whereMe1⊗p
∗N−1 is a line bundle fibrewise of degree 0 and V ′ is a vector bundle of rank n−1 and degree
−1. The exact sequence (4.3.2) defines a degree −e∗n reduction to Q
n
2 of the pullback of the universal
GLn-bundle, and hence a morphism
Y
−e∗n
Qn2
×Pic−1S (E)
Bunss,−1GLn −→ (Bun
−e∗n
Qn2
)ss,
which is easily shown to be inverse to (4.3.1). This proves the claim for r = 2.
Finally, assume that r > 2 and the lemma holds for all smaller r. We need to show that the outer
square in the commutative diagram
(Bun
−e∗n
Qnr
)ss (Bun
−e∗n
Qnr−1
)ss Bunss,−1GLn
Y
−e∗n
Qnr
Y
−e∗n
Qnr−1
Pic−1S (E)
(4.3.3)
is Cartesian. Since the rightmost square is Cartesian by induction, it suffices to show that the leftmost
suqare is Cartesian.
Observe that there is a surjective homomorphism Qnr−1 → GLn−r+2 given by forgetting the first r− 2
rows and columns, such that Qnr ⊆ Q
n
r−1 is the preimage of Q
n−r+2
2 ⊆ GLn−r+2. Since the morphism
Bun
−e∗n
Qnr−1
−→ Bun−1GLn−r+2
sends (Bun
−e∗n
Qnr−1
)ss to Bunss,−1GLn−r+2 by [A, Lemma II.15], we therefore have a diagram
(Bun
−e∗n
Qnr
)ss (Bun
e∗n−r+2
Qn−r+22
)ss Y
−e∗n−r+2
Qn−r+22
(Bun
−e∗n
Qnr−1
)ss Bunss,−1GLn−r+2 Pic
−1
S (E)
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in which the leftmost square is Cartesian. Since the rightmost square is also Cartesian by induction, the
outer square is also. This is also the outermost square in the diagram
(Bun
−e∗n
Qnr
)ss Y
−e∗n
Qnr
Y
−e∗n−r+2
Qn−r+22
(Bun
−e∗n
Qnr−1
)ss Y
−e∗n
Qnr−1
Pic−1S (E).
It is easy to see that the rightmost square in this diagram is Cartesian and hence so is the leftmost square.
But this coincides with the leftmost square of (4.3.3), so we are done. 
Proposition 4.3.8. The morphism Dα∨i (Z)→ Y is an isomorphism.
Proof. Since Lemma 4.3.4 implies that Dα∨i (Z) = Z˜ ×B˜unG,rig D
◦
α∨i ,rig
, the isomorphism of Proposition
2.1.10 (3) and the well known isomorphism (cf. [D, Proposition 3.4.10])M+0,1(G/B,α
∨
i )
∼= SpecZ combine
to give an isomorphism
Dα∨i (Z)
∼= Z ×BunG,rig Bun
−α∨i
B,rig ×S E. (4.3.4)
We next claim that the closed immersion
S ×BunG,rig Bun
−α∨i
B,rig −→ Z ×BunG,rig Bun
−α∨i
B,rig
is surjective. To prove the claim, we may assume without loss of generality that S = Spec k for some alge-
braically closed field. Assume that z : Spec k → Z is a geometric point such that {z} ×BunG,rig Bun
−α∨i
B,rig
is nonempty, let ξG,z denote the corresponding G-bundle, and let x denote its image in BunG,rig/E. By
Gm-equivariance of Z → BunG,rig, we have
Gm · z ⊆ Z ×BunG,rig/E BAut(x).
So
dimAut(ξG) ≤ dimAut(x) = codimBunG,rig/E(BAut(x)) + 1
= codimZ(Z ×BunG,rig/E BAut(x)) + 1
≤ l+ 2− dimGm · z,
and hence dimGm · z = 0 by Proposition 4.2.3. So z ∈ ZGm = S, which proves the claim.
Let P ⊆ G be the standard parabolic subgroup with Levi factor L, and consider the locally closed
Bruhat cells
Cw = S ×BunP,rig C
w,−α∨i
P,rig ⊆ S ×BunG,rig Bun
−α∨i
B,rig,
for w ∈ W 0P , where C
w,−α∨i
P,rig ⊆ BunP,rig ×BunG,rig BunB,rig is the rigidification of the locally closed
substack C
w,−α∨i
P ⊆ BunP ×BunG BunB defined in §2.4. Then Proposition 2.4.5 and Lemma 4.3.4 imply
that
Bun
−α∨i
B,rig ×BunG,rig S =
⋃
w∈W 0P
Cw.
Assume that w ∈ W 0P with C
w 6= ∅. Then by Proposition 2.4.2 there exist a geometric point
s : Spec k → S with corresponding L-bundle ξL → Es and a section σL : Es → ξL×LL/(L∩B) of degree
[σL] = −wα
∨
i ∈ Φ
∨. Since ξL has slope µ, we must have 〈̟i, [σL]〉 = −1 and hence [σL] ∈ Φ
∨
− ⊆ X∗(T )−.
Since [σL] is the degree of the section
σ′ : Es
σ
−→ ξL ×
L L/(L ∩B) −֒→ ξL ×
L G/B,
Lemma 4.3.4 implies that we must have [σL] = −α∨i . So w ∈ W
0
P and wα
∨
i = α
∨
i , which implies that
w−1(Φ∨+) = Φ
∨
+, and hence w = 1. So C
w = ∅ for w 6= 1, and hence the closed immersion
C1 −֒→ S ×BunG,rig Bun
−α∨i
B,rig −֒→ Z ×BunG,rig Bun
−α∨i
B,rig (4.3.5)
is surjective on geometric points. Since Dα∨i (Z) is e´tale over Y , hence reduced, Z ×BunG,rig Bun
−α∨i
B,rig is
reduced as well, so (4.3.5) is an isomorphism. But by Lemma 4.3.6,
C1 = S ×BunµL,rig Bun
−α∨i
L∩B,rig
∼
−→ Y −α
∨
i ×Pic−1S (E)
{O(−OE)},
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is an isomorphism, where the morphism Y −α
∨
i → Pic−1S (E) is induced by the character ̟i : T → Gm. So
by (4.3.4) and Proposition 2.1.16, we can identify the morphism Dα∨i (Z)→ Y with the isomorphism
E ×S Y
−α∨i ×Pic−1S (E)
{O(−OE)} −→ Y
(p, ξT ) 7−→ α
∨
i (O(p)) ⊗ ξT ,
which completes the proof of the proposition. 
Corollary 4.3.9. The morphism χ˜−1Z (0Θ−1Y
) → 0Θ−1Y
= Y is an isomorphism, where 0Θ−1Y
denotes the
zero section of Θ−1Y .
Proof. Since Z is a slice of BunG,rig, Corollary 3.3.8 implies that
χ˜−1Z (0Θ−1Y
) =
∑
λ∈X∗(T )+
1
2
(λ |λ)Dλ(Z).
Applying Lemma 4.3.4, this simplifies to
χ˜−1Z (0Θ−1Y
) =
1
2
(α∨i |α
∨
i )Dα∨i (Z) = Dα∨i (Z).
The claim now follows from Proposition 4.3.8. 
Proposition 4.3.10. The morphism Z˜ → Θ−1Y is an isomorphism.
The idea behind the proof of Proposition 4.3.10 is to use the Gm-action on Z˜ and Θ
−1
Y to reduce to
Corollary 4.3.9. The key tool is the following technical lemma.
Lemma 4.3.11. Suppose that f : X → X ′ is a proper representable Gm-equivariant morphism of stacks
and that X ′0 ⊆ X
′ and X0 ⊆ f−1(X ′0) are closed substacks satisfying the following conditions.
(1) X0 = f
−1(X ′0) set-theoretically.
(2) Gm acts trivially on the closed substacks X ′0 and X0.
(3) There exists a Gm-equivariant retraction X ′ → X ′0 so that X
′ is an affine space bundle over X ′0 on
which Gm acts with positive weights.
(4) The induced action of Gm on the normal cone CX0/X has a single nonzero weight.
Then there is a unique Gm-equivariant isomorphism X ∼= CX0/X over X
′
0 sending X0 ⊆ X to the zero
section via the identity and inducing the identity on normal cones.
Proof. We first remark that since Gm acts on CX0/X with a single nonzero weight, every Gm-equivariant
automorphism of CX0/X that acts as the identity on X0 and the normal cone of X0 in CX0/X is (canon-
ically 2-isomorphic to) the identity. So uniqueness follows.
The idea behind the proof of existence is to show that the deformation to the normal cone is trivial. We
do this by first compactifying, so that we are in a position to apply the Grothendieck existence theorem,
and then showing that the deformation is trivial infinitesimally.
First note that by the uniqueness just shown, we can reduce the proof of existence by descent to
the case where X ′0 = SpecA for some Noetherian ring A. Again using uniqueness and fpqc descent for
morphisms of separated algebraic spaces, it suffices to show that the desired isomorphism exists after
base change along the fpqc morphism SpecAJtK[t−1]→ SpecA.
Let C → SpecA[t] and C′ → SpecA[t] denote the deformations to the normal cone of X0 in X and
X ′0 in X
′ respectively. Then there are canonical inclusions
X0 ×SpecA SpecA[t] −֒→ C, and X
′
0 ×SpecA SpecA[t] = SpecA[t] −֒→ C
′.
Define compactifications
C¯ = ((C × A1) \ (X0 ×SpecA SpecA[t]× {0}))/Gm and C¯
′ = ((C′ × A1) \ (SpecA[t]× {0}))/Gm,
where Gm acts on C and C′ over SpecAJtK via the action induced from the action on X and X ′, and
Gm acts on A1 via the usual weight 1 action. Then C′ → SpecA[t] is an affine space bundle on which
Gm acts with positive weights, and hence C¯′ → SpecA[t] is a bundle of weighted projective spaces, and
in particular proper. We also have that C → C′ factors as
C −֒→ C′ ×X′ X −→ C
′,
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where the first morphism is a closed immersion, hence proper, and the second morphism is proper by
assumption on f . So C → C′ is proper, and hence so are C¯ → C¯′ and C¯ → SpecA[t]. We also write
C¯X0/X = ((CX0/X × A
1) \ (X0 × {0}))/Gm = C¯ ×SpecA[t],t7→0 SpecA,
and observe that C¯X0/X → X
′
0 = SpecA is also proper. Note also that we have divisors at infinity
(CX0/X \X0)/Gm ⊆ C¯X0/X and (C \X0 ×SpecA SpecA[t])/Gm ⊆ C¯ whose complements are canonically
isomorphic to CX0/X and C respectively.
We claim that there is a unique Gm-equivariant isomorphism C∧ ∼= CX0/X ×SpecA Spf AJtK of formal
stacks over Spf AJtK acting as the identity on X0 ×SpecA Spf AJtK and on the normal cone of X0 ×SpecA
Spf AJtK in both sides. Given the claim, this extends to an isomorphism between proper formal stacks
C¯∧ ∼= C¯X0/X×SpecASpf AJtK, and hence an isomorphism C¯×SpecA[t]SpecAJtK
∼= C¯X0/X×SpecASpecAJtK
by the Grothendieck existence theorem. Since this isomorphism identifies the divisors at infinity and since
the restricted deformation to the normal cone C → SpecA[t, t−1] is canonically trivial, it restricts to give
the desired isomorphism
X ×SpecA SpecAJtK[t
−1] ∼= CX0/X ×SpecA SpecAJtK[t
−1].
To prove the claim, it is enough to prove existence and uniqueness of isomorphisms Cn ∼= CX0/X×SpecA
SpecA[t]/(tn) for all n ≥ 0 with the desired properties, where Cn = C×SpecA[t]SpecA[t]/(t
n). Uniqueness
is clear. Letting U = SpecR0 be any affine e´tale chart for X0 (note that X0 is an algebraic space since
f is representable), we have an affine e´tale chart
CX0/X ×X0 U = Spec
⊕
d≥0
Rd
for CX0/X , which lifts to a canonical Gm-equivariant affine e´tale chart
Vn = Spec
⊕
d∈Z
Rn,d
for Cn since Cn is a nilpotent thickening of CX0/X , where the gradings are induced by the Gm-action.
From the flatness properties of the deformation to the normal cone, we deduce that the map U ×SpecA
SpecA[t]/(tn) = SpecR0[t]/(t
n) → Vn induces an isomorphism Rn,0 ∼= R0[t]/(tn), that Rn,d = 0 for
all d < 0, and that
⊕
dRn,d is generated by Rn,0 and Rn,d0 , where d0 = min{d > 0 | Rd 6= 0} is
the single weight of Gm acting on CX0/X . So Vn is canonically identified with the normal cone of
U×SpecASpecA[t]/(tn) in Vn. But this is in turn canonically isomorphic to CX0/X×X0U since the normal
cone is constant in the deformation to the normal cone. By uniqueness of this identification, it glues over
all e´tale affine charts of X0 to give the desired isomorphism Cn ∼= CX0/X ×SpecA SpecA[t]/(t
n). 
Proof of Proposition 4.3.10. Applying Lemma 4.3.11 to the morphism Z˜ → Z, we deduce that Z˜ is Gm-
equivariantly isomorphic to a line bundle over Dα∨i (Z) = Y . So by Corollary 4.3.9, χ˜Z : Z˜ → Θ
−1
Y is a
morphism of line bundles over Y such that the preimage of the zero section is the zero section, and is
therefore an isomorphism. 
Proof of Theorem 4.3.2. Let Zss,reg ⊆ Z and Z˜ss,reg ⊆ Z˜ denote the preimages of Bunss,regG,rig in Z and
Z˜ respectively. Since the morphism Z → BunG,rig/E is smooth and Z → S is surjective, Propositions
3.1.14 and 3.1.16 imply that Z˜ss,reg → Zss,reg is a ramified Galois cover relative to S with Galois group
W , and that Zss,reg ⊆ Z and Z˜ss,reg ⊆ Zss = χ˜−1Z ((Θ
−1
Y )
∗) are big relative to S. So, since Z and Ŷ //W
are affine over S, there is a commutative diagram
Z˜ss SpecπZ˜ss∗O Spec(πZ˜ss,reg ∗O)
W Z
(Θ−1Y )
∗ Specπ(Θ−1Y )∗∗
O Spec(π(Θ−1Y )∗∗
O)W Ŷ //W,
∼ ∼
∼
∼
χZ
∼
where πX : X → S denotes the structure map for any stackX over S, the vertical arrows are isomorphisms
by Proposition 4.3.10, and the horizontal arrows marked are isomorphisms either by construction or by
ramified Galois descent for regular functions. So χZ is an isomorphism, which completes the proof of the
theorem. 
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4.4. Proof of the simultaneous log resolution property. The purpose of this subsection is to
complete the proof of Theorem 1.0.1 by proving (Corollary 4.4.7) that the elliptic Grothendieck-Springer
resolution constructed in §3.3 is a simultaneous log resolution in the sense of Definition 1.0.2.
We first observe that Theorem 4.3.2 implies that the quotient Ŷ //W is an affine space, from which it
follows that the coarse quotient χ is flat.
Corollary 4.4.1 (cf. [L, Theorem 3.4]). The quotient Ŷ //W is an affine space bundle over S, on which
Gm acts linearly and with positive weights.
Proof. This is immediate from Theorem 4.3.2 since the claim holds for the slice Z → S by Proposition
4.1.6. 
Corollary 4.4.2. The coarse quotient map χ : BunG → (Ŷ //W )/Gm is flat.
Proof. Since (Ŷ //W )/Gm is smooth over S, hence regular, this follows from Proposition 3.3.5. 
The rest of this subsection is devoted to exhibiting an open substack of BunG, dense in every fibre of
χ, over which the map ψ : B˜unG → BunG is simply base change along Θ
−1
Y /Gm → (Ŷ //W )/Gm; this is
the only missing ingredient in the simultaneous log resolution property for (1.0.7). In close analogy with
the classical case, this open substack will consist of regular G-bundles. We first observe that Theorem
4.3.2 shows that these are in good supply.
Proposition 4.4.3. Let Z → BunG,rig be as in Theorem 4.3.2, let z : Spec k → Z be a geometric point
not fixed under the Gm-action, and let ξG,z → Es be the corresponding G-bundle. Then the G-bundle
ξG,z is regular semistable in the sense of Definition 3.1.7, and dimAut(ξG,z) = l.
Proof. We can assume for simplicity that S = Spec k.
Since z does not map to the image 0 of the cone point in Ŷ //W , ξG,z is semistable by Proposition 3.3.4.
Since the morphism Z˜ → Z can be identified with Θ−1Y → Ŷ //W , it is finite over z, so dimψ
−1(ξG,z) = 0
and ξG,z is regular.
To show that dimAut(ξG,z) = l, let x be the image of z in BunG,rig, and let x
′ be its image in
BunG,rig/E. By Lemma 4.4.4 below, any translate of x is isomorphic to x, so the E-action on BunG,rig
restricts to an action on BAut(x) with quotient BAut(x′). So we have
dimAut(x′) = dimAut(x) + 1 = dimAut(ξG,z) + 1.
Since the morphism Z → BunG,rig/E is smooth and BunG,rig/E has dimension −1, the locally closed
substack
BAut(x′)×BunG,rig/E Z −֒→ Z
has codimension dimAut(x′)− 1 = dimAut(ξG,z). But it is clear from Theorem 4.3.2 that this is simply
the Gm-orbit of z, which has codimension l, so we are done. 
Given a point y : Spec k → Y over s : Spec k → S, we write
Uy =
∏
α∈Φ−
α(y)=0
Uα ⊆ Ru(B).
Note that the group scheme ξT×TUy on Es is canonically isomorphic to Uy×Es once we fix a trivialisation
of the associated Ty-bundle, where Ty is the torus with character group ZΦy, Φy = {α ∈ Φ | α(y) = 0}
and ξT is the T -bundle corresponding to y. We also write Uy/[Uy, Uy] =
∏
α∈∆y
U−α.
Lemma 4.4.4. Fix a geometric point s : Spec k → S and a semistable G-bundle ξG → Es. Then any
translate of ξG is isomorphic to ξG.
Proof. For ease of notation, we may as well assume that S = Spec k. We need to show that for any
x : Spec k → E, we have t∗xξG ∼= ξG, where tx : E → E is the translation by x. Since ξG is semistable,
there exists a B-reduction ξB of ξG of degree 0. We will show that t
∗
xξB
∼= ξB as B-bundles.
Writing ξT = ξB ×B T for the associated T -bundle, and y ∈ Y for the point classifying ξT , by Lemma
3.1.11, we have that ξB reduces canonically to a TUy-bundle ξTUy . Moreover, we have t
∗
xξT
∼= ξT since
ξT has degree 0 (this follows from translation invariance for degree 0 line bundles). Fixing such an
isomorphism and a trivialisation of the associated Ty-bundle, and hence an isomorphism ξT ×T Uy ∼=
THE ELLIPTIC GROTHENDIECK-SPRINGER RESOLUTION 45
E ×Uy as above, we have that the Uy-bundle t∗xξTUy/T is the image of the Uy-bundle ξTUy/T under the
homomorphism
H1(E,Uy)
t∗x−→ H1(E,Uy)
t
−→ H1(E,Uy),
where the second morphism is induced by some element t of T acting on Uy determined by our choice of
isomorphism t∗xξT
∼= ξT . Since the translation action of E on H1(E,Uy) is trivial, since H1(E,Uy) is an
affine variety, the morphism t∗x above is the identity. It follows that t
∗
xξTUy
∼= ξTUy , and hence t
∗
xξG
∼= ξG
as claimed. 
The next result is the analogue of [S3, §3.7, Theorem 2] for elliptic Springer theory.
Proposition 4.4.5. Let ξG ∈ Bun
ss
G be a semistable G-bundle on a geometric fibre Es of E → S. Then
dimAut(ξG) ≥ l, and the following are equivalent.
(1) The bundle ξG is regular.
(2) dimAut(ξG) = l.
(3) For any degree 0 reduction ξB of ξG to B with associated T -bundle ξT corresponding to y ∈ Y , the
associated ξT ×T Ru(B)-bundle ξB/T is induced from a Uy-bundle with nontrivial associated U−α-
bundles for α ∈ ∆y.
(4) For some degree 0 reduction ξB of ξG to B with associated T -bundle ξT corresponding to y ∈ Y ,
the associated ξT ×T Ru(B)-bundle ξB/T is induced from a Uy-bundle with nontrivial associated
U−α-bundles for α ∈ ∆y.
Moreover, there is a unique G-bundle satisfying the above equivalent conditions in every geometric fibre
of χss : BunssG → Y //W .
Proof. Since the statement only concerns individual G-bundles on geometric fibres of E → S, we may
assume for simplicity that S = Spec k for k some algebraically closed field, and that ξG → Es = E is
defined over k.
To show that dimAut(ξG) ≥ l, fix any reduction ξB ∈ B˜un
ss
G of ξG to a B-bundle of degree 0, and
write ξT = ξB ×B T . Note that Aut(ξB) is a closed subgroup of Aut(ξG), so dimAut(ξG) ≥ dimAut(ξB).
Moerover, there is a commutative diagram
BAut(ξB) B˜un
ss
G
BAut(ξT ) Bun
0
T
where the top and bottom horizontal arrows are locally closed immersions of codimension dimAut(ξB)
and dimAut(ξT ) respectively (since both target stacks have dimension 0), and the right hand vertical
arrow is smooth. It follows that dimAut(ξG) ≥ dimAut(ξB) ≥ dimAut(ξT ) = l.
To prove the equivalence of (1), (2), (3) and (4), we first remark that by Lemma 3.1.11, for every
degree 0 B-bundle ξB with image y ∈ Y , the associated ξT ×T Ru(B)-bundle ξB/T reduces canonically
to Uy.
It is clear that (3)⇒ (4). We show that (4)⇒ (2)⇒ (3) and (4)⇒ (1)⇒ (3).
Assume (4) holds, and let ξUy be the reduction of ξB/T to Uy. Observe that the set of Uy-bundles ηUy
such that the induced G-bundle ηG is regular with dimAut(ηG) = l is open, and nonempty by Proposition
4.4.3 and the existence of reductions to Uy remarked above. So we can find ηUy with these properties
such that all the associated U−α-bundles are nontrivial for α ∈ ∆y. We will show that ξG ∼= ηG, from
which we can deduce (1) and (2), as well as the uniqueness statement of the proposition.
First, observe that ∆y is a set of positive simple roots for the root system Φy = {α ∈ Φ | α(y) = 0}.
In particular, the homomorphism
T −→ G∆ym = Ty
t 7−→ (α(t))α∈∆y
is surjective, with kernel Ky of dimension l − |∆y|. So T = Aut(ξT ) acts transitively on the subset of
points in
∏
α∈∆y
H1(E,U−α) with nonzero projection to each factor. So, acting by automorphisms of ξT
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if necessary, we may assume that ηUy ×
Uy Uy/[Uy, Uy] ∼= ξUy ×
Uy Uy/[Uy, Uy]. To prove ηUy
∼= ξUy , and
hence ηG ∼= ξG, it will suffice to show that the diagram
BAut(ηUy ) BunUy
BAut(ηUy ×
Uy Uy/[Uy, Uy]) BunUy/[Uy,Uy ]
(4.4.1)
is a pullback.
Observe that, since Ky acts trivially on Uy by definition, it also acts trivially on BunUy , so BunUy/T
is a Ky-gerbe over BunUy/Ty. Since BunUy/T embeds into Bun
0
B as the fibre over y ∈ Y , we therefore
have
l = dimAut(ηG) ≥ dimAut(ηB) ≥ dimAut(ηUy ) + l − |∆y|
and hence dimAut(ηUy ) ≤ |∆y|. But since the top and bottom arrows of (4.4.1) are locally closed
immersions of codimensions dimAut(ηUy ) and dimAut(ηUy ×
Uy Uy/[Uy, Uy]) = |∆y| respectively and the
right vertical morphism is smooth, we have that dimAut(ηUy ) ≥ |∆y|, and hence dimAut(ηUy ) = |∆y|.
So the locally closed immersion of BAut(ηUy ) into the pullback induced by (4.4.1) has codimension 0. But
since Uy and Uy/[Uy, Uy] are unipotent, this is actually a closed immersion by [D, Proposition 2.4.6], hence
an isomorphism since the pullback is smooth and connected. This completes the proof that (4) ⇒ (1)
and (4)⇒ (2).
We prove (1)⇒ (3) via the contrapositive. Assume that (3) is false, and choose a degree 0 reduction
ξB with with associated T -bundle ξT corresponding to y ∈ Y induced from ξTUy , and α ∈ ∆y such that
the associated U−α-bundle ξU−α is trivial. The space C
sα of sections of
ξTUy ×
TUy BsαB/B = ξTUy ×
TUy Ru(B)/(Ru(B) ∩ sαRu(B)sα)
embeds as a locally closed subscheme of ψ−1(ξG). But the image of U−α in Ru(B)/(Ru(B)∩sαRu(B)sα)
is TUy-invariant, so gives a closed immersion
ξU−α = E × U−α −֒→ ξTUy ×
TUy Ru(B)/(Ru(B) ∩ sαRu(B)sα)
and hence a locally closed immersion A1k →֒ C
sα →֒ ψ−1(ξG), from which we deduce dimψ−1(ξG) > 0.
So ξG is not regular.
Finally, to prove that (2) ⇒ (3), note that any reduction ξTUy ∈ BunUy/T ⊆ Bun
0
B of a bundle ξG
with dimAut(ξG) = l must satisfy dimAut(ξTUy ) ≤ l. So
BAut(ξTUy ) −֒→ BunUy/T
is a locally closed immersion of codimension ≤ 0, hence an open immersion. Since BunUy/T is irreducible,
this open substack meets the open substack of points with nontrivial associated U−α-bundles for all
α ∈ ∆y , so ξTUy itself must have nontrivial associated U−α-bundle, and we are done. 
As the terminology suggests, the regular semistable and regular unstable G-bundles can be grouped
together into a single open substack of BunG. In what follows, we define Bun
reg
G ⊆ BunG to be the union
over all open substacks U ⊆ BunG such that the morphism
ψ−1(U) −→ U ×(Ŷ /W )/Gm Θ
−1
Y /Gm (4.4.2)
is an isomorphism.
Proposition 4.4.6. The open substack BunregG ⊆ BunG is dense in every geometric fibre of χ : BunG →
(Ŷ //W )/Gm, and big relative to S.
Proof. Let {α1, . . . , αn} ⊆ ∆ denote the set of special roots, and let Z1, . . . , Zn be the corresponding
regular slices of BunG,rig. Let U ⊆ BunG be the preimage in BunG of the union of the images of
Zi → BunG,rig/E. Note that this is open since each Zi → BunG,rig/E is smooth. By Proposition 4.3.10
and Theorem 4.3.2, it is clear that (4.4.2) is an isomorphism, so U ⊆ BunregG . Note that U contains all
regular unstable bundles by construction and that Propositions 4.4.3 and 4.4.5 imply that U also contains
all regular semistable bundles, so the same is true for BunregG .
We first show that for every x ∈ (Ŷ //W )/Gm, χ−1(x) ∩ Bun
reg
G is dense in χ
−1(x). For x not in the
zero section of Ŷ //W → S, this is clear since Proposition 4.4.5 implies that χ−1(x) ∩BunregG is open and
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nonempty, and that χ−1(x) is irreducible. For x in the zero section, note that since Ŷ //W is regular,
the inclusion {x} →֒ Ŷ //W is a local complete intersection morphism. So by Corollary 4.4.2, χ−1(x)
is a local complete intersection stack, hence of pure dimension. Since χ−1(x) is the locus of unstable
bundles on some fibre of E → S, BunregG meets every irreducible component of χ
−1(x) by construction,
so BunregG ∩ χ
−1(x) is dense in χ−1(x) as claimed.
Finally, notice that Bunss,regG ⊆ Bun
reg
G , and the complement of Bun
ss
G in BunG has codimension at
least 2, so BunregG ⊆ BunG is big by Proposition 3.1.16. 
Corollary 4.4.7. The elliptic Grothendieck-Springer resolution
B˜unG BunG
Θ−1Y /Gm (Ŷ //W )/Gm
ψ
χ˜ χ
q
and its rigidification are simultaneous log resolutions in the sense of Definition 1.0.2.
Proof. It is enough to prove the claim for the non-rigidified diagram: the statement for the rigidification
follows immediately by descent along the gerbe BunG → BunG,rig. For the non-rigidified diagram,
condition (1) of Definition 1.0.2 holds by Propositions 2.1.4 and 3.3.5 and Corollary 4.4.2, condition (2)
holds by Proposition 4.4.6, and (3) holds by Proposition 2.1.10 (1), Proposition 2.1.15, and Corollary
3.3.8. 
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